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Pre-Calculus 



General Introductory Comments 

This is a guide for use in Elementary Functions and Analytic Geometry, semester 
courses which, combined, give a year of preparation for Calculus. 

* • e 

The intent of these courses is to clarify and extend the student's elementary 
understanding of functions and to emphasize functions aS the major unifying 
idea of all mathematics. 

Several of the important ideas that frequently appear in the courses are:^ 
^jl. classification of the types of functions . 

2. identification of their properties 

3. construction of their graphs k 

4. determination of their equations 

f > 

5. applications 

Inasmuch as this year is a prerequisite for calculus, the student should be 
. informed that it will take diligent effort on 'his or her part to meet the 
.challenge and rigor of this material. In addition, proficiency in t algebra 

skills and some background in trigonometry are considered to*be indispensable 

for success in this subject. 

A list of entry level skills from Algebra 2 and Trigonometry is provided. This 
list represents minimal skills needed throughout the course. It is recommended 
that the "student be given a copy of this list,. 

The order of units in this instructional guide for the. first semester may not 
necessarily conform to the order of topics found in your textbook. The sequence 
of units may be varied somewhat, with one arrangement being Units I, II/ HI/ IV, 

VII, v, VI, vill,, and IX. \ , 

*> ♦ * 

Organization of Individual Units > 
Each -unit will "consist .of the following: 

1. Overview.* suggestions to the teacher, and suggested time 

2. List of objectives ■ 47 

* 

3. Cross-references guide to approved textbooks 

4. Sample problems for e^ch objective 

5. Answer key for sample problems 

Throughout the units, several objectives will be marked **. These objectives are 
more comprehensive because they combine previous objectives without introducing 
any new material. 
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It .is suggested that at a minimum the following textbooks 5 be available for 
reference or classroom use: 

Shanks, Pre*Calculus Mathematics * ' 

Cros^white, Pre-Cklculus Mathematics ■ * * 

♦ * * % . « » • 

Coxford, Advanced Mathematics 

The individual time allocations include testing as well' as instructional days. 
Five days are allowed auring the first semester for class .periods lost due. to 
various circumstances i, ' ^ 
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Entry L^vel Skills 'for Pre-Calculus 

J.. Graph linear and quadratic functions and relations, 

« 

2. Determine the distance between two points. 



3. Perform the four fundamental operations with complex numbers, 

4. Factor algebraic expressions. 



4 



5. Perform the four fundamental operations with rational expressions. . 

6. Solve quadratic equations over the set of complex numbers." 

7. Solve systems of equations. 

8. Sketch the g^aph oT^olynomial functions of the" form^ y = x n where 
n is a positive integer. - . 

9. , Apply the Laws of Exponents to simple expressions. * ' • < 

10. ""use the logarithmic tables to determine the logarithm. of a number and 

its anti-log. 

11. Solve simple logarithmic and exponential equations. 

12. sketch functions of the form y = a where a is a rational number. 

13. Determine equations of lines and conic sections , given -pertinent % 
information. .•■» *\ 

: 14. Determine the domain of a given function or relation. 

15. State the definitions of the sine and cosG functions in terms of 

the uni^ circle. * m 

16. Determine the trigonpmetric functional values, of the integral multiples 
of 30° and 45° (| J multiples) . ' . 

17. Determine the angle (multiples of 30° and 45°)*' whose functional value 
has been given. 

18. * Evaluate .functional values of angles, using a table. * * 

19. Solve simple trigonometric equations. * .* 

20. Apply the fundamental trigonometric relations-to verify identities, 

-#* » , 

A- : . xi 13 . 
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* Entry Level Skills for Pre-,Calculus (continued') • 
21. State the sum and ditferepce formulas for the sine* and cos0. 



22. S£ate the double and ha^f -angle formulas for sinG and cos0. 

23. f Graph the six trigonometric functions/ , 

24. Apply the txigonometric functions to the solution of right triangles. 

25. State the Law of Sines and Law of Cosines. 



NOTE: Some of the entry level skills related to trigonometry may be repeated 
in Pre-Calculus 



14 



9 

ERIC 



xii 



Approved Textbooks * <> 

■ —x : - 

Coxford, Arthur F M 'et al. Advanced Mathematics - A Preparation for Calculus , 
second edition. New York: Harcourt Brace' Jovanovich, 1978. 

♦Crosswhite, F. Joe, et al. Pre-Calculus Mathematics . Columbus, Ohicfc 
'Charles E. Merrill, 1976. , 

Fuller, Gordon. Analytic Geometry . Fifth ed. Menlo Park, Calif.: 
Addison Wesley, 1979 

Shanks, Merrill E. f et al. , Pxe-Caiculus Mathematics . Menlo Park, Calif.: 
f Addison "Wesley, 1981 

Sorgenfrey, Robert H., et al. Analysis of Elementary Functions .' Eioston: 
Houghton Mifflin, 1980. 

Wooton, William, et al. Modern Analytic Geometry. Boston: Houghton Mifflin, 
1978. 



References 

" w • 

Dolciani, Mary, et al. Algebra and Trigonometry; Structure and Metho'd . 

new edition. Boston: Houghton Mifflin, 1982. 

i 

Foerster, Paul A. Trigonometry: Functions and .Applications . Menlo Park, 
Calif.: Addisonr-Wesley, 1977. m _ 

Protter, Murray H., et al/ Analytic Geometry . Menlo Park, Calif.: 
Addispn-Wesley, 1975. 

Rees, Paul K. , et al. Algebra, Trigonometry, and Analytic Geometry . New York; 
McGraw-Hill, 1975. 



xiii 



15 



Outline of Course Content and Time Allocation 



> First Semester - Elementary Functions 



Unit 



, Number of Days 



I, 
II. 
1*1. 
IV. 

V. 
VI. 



Introduction -*to Functions 
Algebra it Functions 

Exponential and logarithm!^ Functions 

Circular Functions 

Trigorfbraetric Identities 

Inverse Circular Functions and , 
Trigonometric Equations 



Applications of Trigonometric Functions 

L 



VII 

Vin. , Complex Numbers 

IX. Functions on the Natural Numbers 



12 
10 
8 
12 
10 

': 10 
10 
3 
10 



TOTAL 85 days 



- Second Semester - Analytic Geometry 



Unit 



■ ERIC- , 



xiv 



Number. ? of Days 



X. 


s 

Introduction to Analytic Geometry 


6 

, s 


- IX. 


Points, Lines and Plane's in Space* 


IP 


XII. 


Vectors in a Plane 


7 


XIII. 


Vectors in Space 


9 


XIV. 


Conic Sections 

r 4 


16 


XV. 


Matrices 


10 


XVI. 


«> 

Polar Coordinates ' 


7 


XVII. 


Parametric Representation of Curves 


10 


XVIII. 


Surfaces 


10 




16 - 


0 

TOTAL 85 days 
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Pre-Calculus - Elementary Functions 

j 

Unit I Introduction to Functions ^ 

4 \ 

Overview . 

* ' 

This unit provides the student with the basic principles of functions. It 
deals with /what a function is, how functions "may be combined, and their 
characteristic! and properties . It is as vital' to the future calculus student 
as any other unit in this guide. Virtually all of the concepts, relationships, 
and vocabulary in this unit, will be applied in subsequent units, not to mention 
y the calculus course itself. ' ' * ' , . 

Because of the scattering of^the topi.cs throughout' the various approved tests, 
the, teacher may choose to alter .the sequence of objectives.- The student should 
nevertheless, be able to perform all of the, objectives at some .point in the 
course. ' ) _ 

■ Sugge stions "to -the- Teacher 

~ : " \. • 

No single approved. text seem% best f6r> this unit. * Several sources may be 
required. Some comments regarding some of the approved texts fiettow.: 

Pre-Calculus Mathematics (Shanks) - Mostly adequate, sequence fair 

* Pre-Calculus Mathematics (Crdsswhite) - Mostly adequate, sequence jumbled 

Analysis of Elementary Functions (Sorgenfrey) - A few gaps, strong in 
' " i " objectives, 1-8 



Suggested time: 12 days 
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Unit I * Introduction to Functions 



J 



4 



PERFORMANCE OBJECTIVES 

K ) 

1. State the definition of a function. 

2. Determine whether a given relation is a function. 
3». Identify the domain and range of a given function. 

4. State the meaning of the symbols used in functional notation. 

5. Determine whether "a given function is one-to-one. 

6. Given the two functions f and g, determiner the formulas for functions 
r + 3 and f ^ g and sketch them. 

7. Given* two functions f and gy determine the formula for the functions 
f • g and £ » g-jl'0'. . v 

8. Given two" functions -f and g, determine the formulas 'for the composite 
functions f'© g and g o f. % 4 • * 

9. Sketch'the graph of special functions (step, greatest integer, signum, 
and absolute value) . , 

10. Classify a fuhction as being^ increasing, decreasing, or neither over a 

given interval < \ ' - 

-* 

11,. Classify a function over a given interval as being bounded, bounded 
above, bounded below ; or unbounded. ' f 

12. Classify a function as being continuous or not continuous at a given 
point or over a given interval^ 

i* 

iS. Determine whether a given relation is symmetric to the y-axis, x-axis, 
or origin. ' 

" ■ J ' 

14. Determine whether a given function is odd, even, or neither. 

15. Determine the inverse of a given function. ' > > 

16. Graph a given function and its inverse on the same set of axes. 

17. Modify the domain of a given function so that its inverse is a function. 

18. Graph f(x) and f"l(x) on the same set of axes. (Make^f(x) one-to-one 
ijc necessary.) 
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19. Demonstrate that the properties of the real number field apply to the 
set of functions under the operations of addition and multiplication. 



18. ■ f - 2 • • 



Pre-Calculus 



Unit I Introduction to Functions 



Optional . * 

20. Determine which properties of ,a field apply to the composition of 
, functions operation. 



r 



/ 



7i<7 * 



J 




0 



\ 



0 ^ 
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UntJ I - Introduction of Functions 
CROSS-REFERENCES" 



Objectives 



Coxford * 



36 



Crosswhite 



66 



Ful 1 er 



Shanks 



.17 



Sorgenfrey 



2-3 



Wooton 



38-39, 59 



66-68, 71 



17-19 



4-5, 21-23 



38"-39 



69-71 



18-20, 23 



6-10 



37 



64 



20 



7-8 



46, 389 



22 



38-39, 43-44 



6 , 



77-78 * 
+ 



25-28 



26-32 



7 < 



77-78 



26-28 - 



26*3; 



40-44, 59 




79-82 



29-30 



33-38 



\ 



35, 39-40 



74-76, 79 



22-24 



. 20-23, 25. . 



10 



336 



88-92 



35-38, 
41-42. 



134 



11 



86 

237-238 



3£-38 
4T-42 



12 



' 277-278 



-118-121 



38-39 
41-42 



115, 119 



J3. 



65 



97-102 



64- 



/ 



14 



73, 



100-102, 301 



64, 66 



273 



15 



16 
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44-48, 59 
389-392 " 



44-48 



83-88 



83-88 



31-35 



31-35 



40-46 



40-46 



1-4 
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Unit I - Introduction to Functions (continued) 

i 

CROSS-REFERENCES < < 



Objectives 


Coxford 


r 

Cross white 


Fuller 


Shanks 


Sorgenfrey 


1 

Wooton 


17 




83-88 


< 


31-35' 


40-46 
_J - 




18 

* 


i 48 


83-88 




31-35- 


40-46 




1« s 


6-7 


1 

12-13, 78 


7 


1-2 


t 

32-33 




20 


'6, 43 


12-13, 86 * 
1 




1-2 * 


35, 38 
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Pre-Calculus 
Unit I 




!•« Define a function in terms of ordered pairs (x, y) 



* 2. Define a function in terms of 



mapping. 



c 
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Pre-Calculus 
v Unit I 



1-2 Determine^ whether a given relation is a function. 



1. Indicate which of the following relations are functions: 

a) 3y 2 - x = 4 J 

b) . x 2 - y = 1 " . 

. c) y »-|x + 3|- • • • * 

d) x 2 + y 2 - 8 

2. Which of' the following sets are functions? 

a) I (x, y) : y = x) 

b) { (x, y) : y - -5} 

c) { (x, -y) : y = fit 

d) ^/{ (x, y) : y = xy} . 

3. State which of the graphs of relations given below are functions. 
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Pre- Calculus 
Unit I 



1-3 



Identify thq domain and range of a given function. 



9 

ERIC 



1.. Identify the domain and range of f (x) * x 2 - 2. 

2. Identify the domain and range of g(x) « |x| + 3." 

3. Identify the domain a and range ojff h(x) « /9 - x z . 

4. Determine the domain and range of each function whose graph is given below. 
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Pre-Calculus 
Unit I 



1-4 State the meaning of the 'symbols used in functional notation ♦ 



1. State the exact and complete meaning of 11 f (x) = y." 

» 9 

I 

2. State the exapt and complete meaning of f 'f: x — j>y." 

3. Translate completely into words: rt g(3) = 7." 

* 

4. Translate completely into words: "F: x > x 2 - 4." 
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Pre-Calculus 

« 

Unit I 



1-5 Determine whether a given function is one-to-< 



one. 



1. Determine whether or not each of the following functions is one-to one.. 

a) y - x ^ 

b) y = x 2 

c) y = x 3 - 4x 

d) y = i / 

x 

2. Determine vhether or not each of the folloving functions is ' one-to-one. 




b) 
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Pre-Calculus 
Unit I 



1-6 Given two functions f and g, determine the 
formulas for the functions f + g and j£ " 9 
and sketch them. . 



1. 



If f(^ ■ x 2 + x + 1 and g(x) * x, determine a formula for (f + g)(xl and - 
(f g)(x) • Sketch the new functions, ' , 4 



2. If. f (x) « - x 2 + 5 and g(x) = x 2 -A, determine a formula for 
(f +• gj (x)' and (f - g) (x) . Sketch the new functions. 

3. ' G^en f(x) = £ and g(x) = 1, determine formulas for two new functions . 

f > g and f - g. Sketch the new functions. 

4. '.Given f(x) = |x - l| and g(x.) = (x) for all x >*1, determine formulas . 

for two new functions f + g and f g. Sketch" the new functions. 
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Pre-Cal cuius 
Unit. I * 



1-7 Given two functions f and g, determine, the formulas* 
for the functions f • g and jL, g jl o. 



1. If f<a$| = x 2 'and g{x) 



and — (x) . 

g 



2^ (x ? 0) , determine a formula for (f • g) (x) 



' 2. Given f (x) = x and g(x) = 2 - x for all x Z 0, determine the formula 

for two new functions (f • g) (x) and -(x) . 

9 

3. If f = x - 1 and g(x) = x + 2, determine a formula for (f • g) (x) and 
-<x). s ' . 



♦Domains, ranges, and/or graphs may be substituted or added tp the 
problem's requirements. 
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Pre-Calculus 
Unit I 



1-8 Given two functions f and g, determine the formulas* 
for the composite functions f ° g and g • t. 



1. If f (x) = x* and g(x) = determine a formula for f <> g and g f. 

1 2 

2. If £(x) - 3x + 2 and g(x) = 7X - r f determine the formulas for 



3 3 



fog and g © f • 



3. Given f (x) >- x and g(x)~ - • determine the formulas for f o g .and 
g o £• 

4. .Given f(x) = x 3 ' - 8 and g (x) = x + 2, determine the. formulas for f " g and 

g * f . 



♦Domains, ranges, and/or graphs may be substituted or added to the problems 
requirements. ^ 



1-13 
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Unit I 



1-9 Sketch the graph of special functions (step, greatest 
integer, signura, and absolute value) . 



1. Sketch the graph of the step function: 

f (x) fz if x > 0 
v 0 if X a 0 
. -1 if x < 0 



1/ 



2. Sketch the graph of the greatest integer function: 

f (x) - £x + |j 

3, Sketch the graph of the absolute value function: 
* f (x) « 2 jx + 3| - 1 



4. Sketch the graph of the signum function: 



f (x) = It- . (Hint: first factor out ~ from the denominator.) 

rx-2 2 



5. Sketch the graph of the periodic function f (x) = sin (x + - ), 

-2 



3Q. ' 



o - 
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Unit I 



1*10 Classify a function as being increasing, decreasing, 
or neither over a given interval, J 



1. Classify the following intervals of the function f (x) » (x - 3) as' being 
increasing, decreasing, or neither ' * 

a) [ - 1, 1] ' - 

b) <£, 4) 

c) ^3, 5] ■ 

2. Classify the following intervals of the function f (x) = cos x as being 
Thcreasing, decreasing, ox neither. 



[i/'f] 



} 



as being 



3. Classify the following intervals of the function f (x) * x + 2 
' increasing/ decreasing / or neither. , 

a) [- 4, - 2) 

b) <(- 2, 0 y 

) 

4. For xe^O, classify the following functions as being increasing, 



decreasing, or Neither: 
* 

a) f (x) - r 



c)_^>(x) - fx] 



ERIC 



b) g(x)\ /25 - x z 



d> k(x) |x - 3| 
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Pre-Calculus • 
Unit I*. 



1-11 Classify a function oyer a given interval as being 
bounded, bounded above, bounded be low , or unbouhdfed. 



1. Classify the following intervals of the function f (x) =2 a6 being 
bounded, bounded above , bounded below, or unbounded. 

a) xe {negative reals} 

b) xe{positive reals}" ' 

c) [-1, 1J 

* 

2. Classify the .following intervals of the function f(x) = - |x + 3| 
as being bounded, bounded above ^ bounded below, or unbounded. 

a) xe{negative reals} 

b) xe {positive reals} 

c) [-3, 3] 

& 3 . 

3. Classify the following intervals of the^ function f (x) = x - x as being 

bound^j^£ounded above, bounded below, or unbounded, 
a) <^-l, 0^ 



b) <(o, 1> 



4. For xe {negative reals} classify the following functions as being bounded, 
bounded above, bounded below, or unbounded. 

[X] . 



a) f(x) 

b) g(x) 



1 
x 



c) h(x) = tan x 

d) k(x) = (x + 100) 3 



9 
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Unit I 



1-12 Classify a function as being continuous or not continuous 
at a given point or over a given interval. 



1. Classify the following points of the function f(x) = - _ 2 as being 
continuous or discontinuous. 

a) x =» 0 

b) x = 2 

c) x - -2 . ' v 

2. At the -point x - 1, classify the following functions as being continuous 
or discontinuous. 



b) g(x) - [x] 

x 2 - 1 . 



, O h(x) - 



x -1 



d) k(x) - |x - l| 

3. Classify the following intervals of the function f(x).« cot x as being 
continuous or not continuous, 
a) Co. f 3 ' 

4 <^ , 27.) 



9 
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Pre-Calculus 
unit I 

1-12* (continued) t ' ' 



4^ For xe <^0, 5] classify the following functions as being continuous or 



not continuous. 

a) f( x) = x 2 + 3x - 10 

x + 5 

b) *r(x) = A 

x 

c) h(x) = |x 2 - 4| 

d) k(x) = 



x 2 - 25 
x - 5 



34 
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1-13 Determine whether a given relation is sywnetric 
to the y-axis, x-axis, or origin. 



1. . Determine whether the followina relations axe symmetric to the y-axis, 

X-axis, origin, or some combination of the above. 

' a) { (x, y) : x 2 - y 2 - 1} 

b) Ifex, y) : x 2 + y 2 - 9» y S 0} 

c) {(x, y) : 4x 2 +\ 2 - 4> x* 0} 

d) {(x, y) : x x -y 2 } 

♦ 

2. Determine whether the following relations are symmetric to" the y-axis, 
x-axis, origin, some combination of the above, or none of the above, i 

"a) {(x, y) : xy a - 6} 

b) {(x, y) : x = |y|> ' 

c) {(x, y) : x m y 3 } 

,d) { (x, y) : y » x 3 + x + 1} 



1-19 
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1-14 Determine whether a given function is odd, even, or neither. 

^ : B > : 



1/ Determine whether the following functions are/odd, even, or "neither. 

a) f (x) = + 3 ' ' 

b) g(x) = .-x 3 

c) h(x) = sin x * 

d) k(x) = cos x 

2. Determine whether the following functions are odd, even, or neither. 

a) f(x) = |x - 3| 

b) g(x) = - 

x 

c) h(x) = tan x 

d) k<x) = — 
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Unit I 



1-15 Determine the inverse of a given function, 



1. Determine the inverse of ^ach of the following functions, 
formula, write y in terms of x.) - 

a) y * x* 

b) y » x 3 

c) y 35 -roc r 2 

1 

d) y = - 



(For each 



2. Determine the inverse of each of the following functions, 
formula, write y in terms of x.) 



(For each 



a) y = /l6" 



b) y « r 

x - 1 

c) 2y « /4 - x* 



1-16 Graph a given function and its inverse 
on the same set of axes . 



1. Graph f (x) * x 2 - 3 and its inverse on the same set of axes. 



1. 


Graph 


f(x) 


2. 


Graph 


f(x) 


3. 


Graph 


f(x) 


4. 


Graph 


f(x) 



9 
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1-17 Modify the domain of a given function 
so that its inverse is a function.* 



* ?> ■* 

1. Restrict the domains of each of the functions given below so that their 
inverses will also be functions. State the modified domains. 

= x 2 + 3; xe Reals 

= + 1; xe Reals 



a) 


f(x) 


b) 


f (x) 


c) 


f (x) 


d) 


f (x) 


e) 


f (x) 


f) 


f (x) 



|x| ^ 4 



~ / X^ - 16 ; 

|x| - 2; xe Reals 
i^x + 4; x i 0 



x| >,4 




* The modification referred to in this objective is to make the original 
functxon a one-to-one type to facilitate the formation or graph of the 
inverse function fl (x) . 



1-18 Graph f (x) and f" 1 (x) on the same set of axes. 
(Make f (x) one-to-one, if necessary,) 



X * ° f *- f(X) f " 1(x) f ° r ^ funct i°ns given below. 

Action. ) ° f f - X) 95 necessary to * za * h ifc as » pne-to-«ne 

a) f (x) = 3x - 1 

u 

: b) f(x) = - /9 - x l 



c) f (x) = x 2 - 4x 



.d) f(x) = |x| - * 



9 

ERIC 



38 



1-22 



Pre-Calculus 
Unit I 



1-19 Demonstrate that the properties of the real number 
.field apply to the set of functions under the 
operation's of addition and multiplication. 



i; Give an example for each of the field properties as applied to the 
" set of functions and the operation of addition (closure, associativity 
identity, inverse, commutativity). «, 

2. Give ah example for. each of the field propertied as applied to the 
set of "functions and the operation of multiplication (closure, 
associativity, identity, inverse, commutativity). 

,3. Give an example of the distributive property , multiplication over 
addition, as it may apply to the set -of fu nctions . 



1-20 ' Deteahnine which properties of a field^ apply 
to the composition o£ functions operation* 



1. A Determine "which properties of a field can be applied to the 

set of functions under the operation composition of fu nctions . (f « g) 

2. Give an example of Bach of the .properties of a field that do atfply to 
the set of functions uiider the operation composition of fun ctions* (f 

3.. Under- what circumstances would the commutative property hold for the - 
composition of functions operation? Give ah example. 
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1. A function is a set of ordered pairs, (x, y) , such that for each xeX 
there^ i*s exactly one yeY. 

(alternative) A function i$ a relation in which for each^irst 
element there corresponds a unique second element. 

2. A function f is a rule which assigns tooeach member xeX a unique 
■ member yeY. The function f is said to raa£ X into Y. 



1-2 

1. a) not f 

b) f 

c) f 

df'.not-f ' 

2. a) f 
b) f 

.c) f 

d) not f 

3. a) f - 

b) not f 

c) not f • \ 

aj f 

1* D: xeReals; R: y £ - 2 

2. D: xeReals; R: y £ 3 

3. D: -3 S x 3; R: 0 i 3 

4 * a) D: xeReals; R: ,2 £ y < 4 

b) D: xeReals; R: y ■ 2 or-y « -3 \ 
°) D: xeR^aJjB; R: ^ fr - 2 ' I-£4 

• • 40 ■ - 



Pre-CAlculus, j 

Onit I . . .. 

ANSWERS 

1-4 

1. "The value of the f function at x is y." 

2. "f is -tha "function that maps x into y." 

3. "The value of the g function at ,x * 3 is 7." 

4. w f is the' function which associates with each number x the number 

1-5 . ~ * 



1. a) one-to-one 

b) not one-to-one 

c) not one-to-one 
( one-to-one* 



2. a) one-tQ-one - 

b) . not one-to-one 

c) not one-to-one 

d) one-to-one 



1-6 

1. x 2 + 2x + 1 or (x + l) 2 ; x 2 +* 1 

2. 1; -2x 2 +9 



3. 



1 + X 1 - X 



X X 

4. 2x - 1; -1 
1-7 



1. |x; 2x 3 (x ? 0) 



2. 2x - x 2 ? 

3. x 2 + x - 2; 



— 2L_ <3Tf< 2) 
2 - x 

» x '- 1 



x + 2 



(x ? -2) 



(■ 

(sketches hot given) 
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Unit I 
ANSWERS 
1-10 



1. 


a) 


decrease 


2. 


a) 


neither ' 


3.- 


a) 


decrease - 


4. 


a) 


* decrAse 




d] 








X. 


a) 


bounded 


2. 


a) 


bounded above 


3. 


a) 


bounded 
'ft** 


4. 


a) 


bounded above 




d) 


bounded above 



b) neither 

b) increase 

b) decrease 
b) decrease 

b) bounded below 

b) bounded above 

b) bounded 

b) bounded above 



c) increase 

c) decrease 

c) decrease 

c) neither 

c) bounded 

c) bounded 

c) bounded below 

'c) not -bounded 



1^12 










1. a) 


continuous *>) discontinuous 


c) 


continuous 




2. a) 


continuous b) discontinuous 


c) 


discontinuous d) 


continuous 


3\ a) 


not continuous . b) continuous 


c) 


continuous 




4. a) 


continuous b) continuous 


<?) 


continuous d) 


not 

continuous 


1-13 










1. a) 


symmetric to x and y axes and origin 






• 


b) 


symmetric to x and y axes and origin 








c) 


symmetric to x and y axes and origin 








d) 


symmetric to x axis 

* 








2. a) 


symmetric tq origin ^ 






* 


b) 


symmetric to-x axis 




f 




c) 


symmetric to origin 








d) 


not symmetric to axes or origin 
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Unit I 

ANSWERS 
1-14 ' 



1. a) even 

2. a-) neither 

1-15 

1. a) y - + /x 



b) odd 
b) odd 



b) y - ¥x 



2. a) y = ± /16 - x 2 " b) 



x - 1 



c) odd 
c) odd 



d) even 
d) odd 



c) y = 3* + 6 d) y - *• 



c) yc= 1 2 



1-16 



1. 
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ANSWERS - 

1-16 
3. 



4 
















7 
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✓ 
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Zu 
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1-17 

1. a) Dx 

b) ' Di 

c) Dx 

e) Di 



x * 0 
x 2: 0 



or 



or 

>» 



D 2 
D 2 



0 £ x < 4 or D 2 
x 2i 4 . or D2 
X * 0 or D2 



f) "no modification required 



x < 0. 
x S 0. 

-4 jj x < 0 

x a: -4 

x £ 0. " 
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-Pre-Cal cuius 
Dnit I 

\ 

ANSWERS - . • 

1-19 

? 

1. Answers wil> vary, but 'suggested format follows: 

closure: f (x) + g(x) » (f + g) (x) 

1 associativity: * [f (x) + g(x)] + h(x) # f(x) + 

identity: . f'(x) + £d(x) = f(x) 

inverse: f Cx) + ~f (xj = ■ ^d<x) 

cotnmutativity: f (x) + g(x) ■ g(x) + f (x) 

2. See #1 above. 

3. • Answers will vary, suggested format: 4 

f(x), - [g(x* + h(x)l = f(x) • g(x) + f(x) ; h(x) 

1-20 • 

1. closure, 'associativity, identity, and inverse 

2. 'Answers will vary. 

3\ f(x) o fl (x) = f" 1 (x) o f(x) = x I d(x) 
or 

I d(x) o f (x) = f (x) o I d,(x) = f (x) 
(Examples w^Ll vary!) 



1-31 
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Unit II Algebraic Functions 



Overview 

» 

Students should be familiar with polynomial functions and syntheti^ division 

from Algebra 2. In this unit these topics are extended, and rational and 

algebraic functions are added* An emphasis is placed on graphing techniques, 

including symmetry, intercepts, and the location of asymptotes. The ideas of 

the previous unit ~ domain, range, increasing, decreasing, continuity, 

boundedness — will be strengthened by additional study and application. 

Determination of roots and zeros will depend upon the application of the 

Intermediate Value Theorem. The field properties are fully satisfied when the 

study' of polynomial functions is extended to include rational and algebraic 

functions . ; ; 

i 

Suggesrtidns to the Teacher 

..In order to complete the first seven objectives, the student is required to 
use several algebraic skills, including factoring and dividing polynomials, 
performing operations on 'complex numbers, and solving quadratic equations (the 
method of solving a quadratic is later extended in Objective 11 t^ factoring a 
fourth degree polynomial )\ The application of the Fundamental Theorem of Algebra 
will, aid the student with^ Objectives 8 through 11. With Objectives 14 through 16 
several methods for locating asymptotes may be studied. The discussion on 
asymptotes may , introduce . the idea of comparing the degree of the numerator to the 
degree of the denominator to. determine the type, of asymptotes (vertical/' 
horizontal, or oblique).- Solving. the equation for ji or Considering the behavior 
of x as. x + ±«> are two ways to locate horizontal asymptotes. The concept of a 
limit may be mentioned ^fc this time. Symmetry /to any. point or lin6, and not just 
the origin % (0,0) and the line x = 0', may be , illustrated when graphing. 

Because Objectives 11 and 4fc are . comprehensive, the^/may used in place of 6ne 
or more ofrthe preceding objectives. % 

Some of the tedious work in the unit can be eliminated by using calculators and 
computers. A program for .BASIC computer use, SOLPOL - Solving Polynomials, is 
available from Computer Related Instruction, in the Office of Instruction and 
Program Development. , 

Suggested time: 10 days \ ' * 

Z 5 * 
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Pre-Calculus 

Unit II Algebraic Functions 

i 

PERFORMANCE OBJECTIVES 

X. Identify polynomial functions when given a -list of functions. 

* 2. Determine the value of a polynomial function for given values of 

the variable using synthetic substitution and the Remainder Theorem. 

r 

3. ' Given two polynomials P and D where D ± 0, determine the quotient 

and the remainder R,and express the result according to tHe Division 

. Algorithm. [ p(x) = Q(x) • D(x) + R(x) ]..'*'' 

4. Apply the Factor Theorem to determine whether x - c is a factor ^ 
of a given polynomial' function.- ^ 

?: 

5. Apply the Factor Theorem to determine whether c is a zero of a given 
*" - polynomial function. 

6. Apply thfe Rational Root Theorem to determine the rational zeros of a 
polynomial function. 

7. Apply the Intermediate Value Theorem and/or Locator Theorem to show 
the existence of zero(s) of a continuous function in a specified 
interval . . / 



8. Graph a polynomial function. " 

9. Approximate the irrational zeros of a polynomial function. • 

10. Determine a polynomial function, given such information as the 
zeros and the degree. % 

**11. Given a polynomial function, determine all the zeros over the set 
of complex numbers -and sketch the graph. 

12. State the definition of a rational function. ' 

13. State the domain of a* rational fungtipn. 

14. Determine the .vertical and horizontal asymptotes of a given " 
rational function. 

15. Determine the oblique asymptotes of a given rational function, 
(optional) . 

**16. Sketch the graph of a rational function. Determine the domain, 
intercepts, and asymptotes. State whether the function is even, 
odd, or neither. Discuss symmetry. 

. 17. Sketch the graph and determine the domain of a given algebraic 
function (non-polynomial and non-rational) . 



♦♦Comprehensive objectives 
O II-2 



Unit II - Algebraic Functions. 
CROSS-REFFftENCES 



Objectives 


Coxford 


Crosswhite 


Fuller 


Shanks 


Sorgenf rey «, < 


^ p\ yf\ 

yooton 


.' 1 


300-301 


' 297-299 


- 


45-46 ' 


80 




2 


306-308 


303-306 




54-58 


85-88 




3. 


309-312 


303, 306 




56-58 


M 

81 , 84 


c 


4 


311-312 


307-309. 


• 


56-59 


89, 91 , 92 




5 


309-312 


307-309 




56-59 


89-91 




6 


318-320 


314-317 




57-59 


92-97 




7 


313-317 


312-314 




40-42 


95-9/ 




8 • \ 


313-317 
332-335 ' 


299-302 
309-312 




48-51 ■ 
,58-59 


87-88 . 
95-101 


■H — 


9 ' 


313-317 


312-314 
320-323 






92-97 




10 


321 , 324 


old 

t 




Rft fil 


91-92 




11 


323-324 
332-335 


299-302 
309-312 
318-320 




58 


98-102 




12 


279, 34-1 


323 


• 


62'. •■ 


120 




13 


280-283 
341-344 




■ 


62-64, 66 






14 


341-S44 


105-108 
324^326 




65-66 


c 1 




15 




^^^^ 

325-326 \ 


i 








16 ' 


341-344 


323-326 " 


i 


62-66 






17 


345-349 








67-69 
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Pre-Calculus 
Unit II 



II-l Identify polynomial functions when given a list of functions. 



1. Write the word .yes or , NO to identify which of tfce following are 
polynomial functions. ' 

a)y = x 2 -x + 5 v 

b) g(x) = 1/ x 2 - x 



c) h(x) = -i- 
x-5 

<*) {(x,y): y = 3 X } 



2. Write the word YES or NO to identify which of the following are 
polynomial functions, * 

a) { (x,y) : y = 5} 

b) f (x) = ✓ (x + 5) 5 (x - 1)* 



c) g(x) = 4 sin 2x 

d) h(x) = x + 



ERLC 



3, Write the word YES or NO to identify which of the following are 
polynomial functions. 



a) y = |x|- 1 

b) (x*y) : y =-2 fog 3x} . 



+ 5 



c) , g(x) = 



x 2 + 2x - 4 



_ d) h(x) = y - 10 



x-2 



4. Write 




S or NO to identify which of the following are 
lons.^r- 

-1 



a) !T(xr= (2x - 1) 

b) {(xy):.y = 4 x } 

c) g(x) a (x - l) 1 »(2x - 5) 
djL h(x) = 3 / x + 5 
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TT-2 Determine the value of a polynomial function for given values 
of the variable using synthetic substit«tion and the Remainder 
Theorem . . 



I 

1. Use synthetic substitution and the Remainder Theorem to determine-. 
P(5) if ,P(x) = 2x* - 5x 3 - x 2 - 10x - 15. 

2. Use synthetic substitution and the Remainder Theorem to determine'. 
P if P(x) = x fy + 3x 2 - 9, 

3. Use synthetic substitution and the Remainder Theorem to determine: t 
P(./2) if P(x) = 2x 3 - x 2 + x - 5. 

4. Use synthetic substitution and the Remainder Theorem to determine: 
P{3 - i) if P(x) = -x k + 2x 3 - 7x + 1. 



II-3 Given two polynomials P and D where D f 0, determine the quotient 

and the remainder R,and express the result according to the Division 
Algorithm. [P(x) = Q(x) • D(x) + R(x) ] . \ 



1. Given P(x) = x 3 - 2x 2 - x + 1 and D(x) = x - 3, determine the Q(x), and R(x) 
and express the result in the form P(x) = Q(x) • D(x) + J^*^ 

2. Given P(x) = 15x 3 + l€x 2 - 12x + 2 and D(x) = 3x + 5, determine the 

Q(x) and R(x) and express the result in .the form P(x) = Q(x) • D(x) + R(x) . 

3. Given P(x) - j x 3 - -j x 2 ■ + x - 3 and D(x) = x 2 + 1, determine the. 

Q(x). and R(x) and express the result in the form P(x) » Q(x) • D(x) + R(x). 

4. - Given P(x) -x* + 3x 3 " - x 2 + 5x - 1 and D(x) = x + (2 - 1), determine the 

Q(x) and R(x) and express the result in the form P(x) - Q(x) • D(x) + R(x) . 

. * . , "lI-5 
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II-4 Apply the Factor Theorem to determine whether x - c'is 'a 
factor of a given polynomial function. 



1. Use the Factor Theorem to determine which of the binomials (3x + 2), <x - 2) 
(x - 4) are factors of P(x) = 2x 3 + 5x 2 - '14x - 8* 

2. Use the_Factor Theorem to determine which of the binomials (x. - 6), 
(x - V2) , (x - 3i) are factors of P(x) a x 1 * + 7x 2 - 18, , 



3 * Use the Factor Theorem to determine which of the binomials ^2x + '3) , (x + -) , 
(x + 2) are factors of P.(x) = 2x* - 3x 3 7 23x 2 + 12x* % 

4. Use the Factor Theorem to determine which of the binomials (x +^2), (x - 5) $ 
(x + 5i) are factors of P(x) = x 3 + /3x 2 + 25x + 25/37 



II-5 Apply the Factor Theorem to determine whether 
c is a zero of a given polynomial function. 



1. Using the Factor Theorem, determine whether or not 3 is a zero of the 
polynomial function P(x) = 2x 3 - 5x 2 - 2x - 3. ■ 

2. using the Factor Theorem, determine whether or not~f is a zero of the 
polynomial function P(x) = 6x k + x 3 - 5x 2 - 5x - 1. 

« 

3. Using, the Factor Theorem, determine whether or not 2 + ^-Pis a 
zero of the polynomial function P(x) » x 3 - 9x 2 + 21x - 5. 

4. using the Factor Theorem, determine whether or not -2 + 3i is a zero nf t-H* 
polynomial function P(x) = x 3 + 5x 2 + 17x + 12. 
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f : 4 

'II-6 Apply the Rational Root Theorem to determine 
the rational zeros of a polynomial function* 



Determine all the rational zeros of the following polynomials: 

« * 

1. ,P(x) = x* - 5x - 6 

2. P(x) = 3x 3 - 14x 2 + 7x + 4 

3. P(x) = 2x 3 - llx 2 + 26x - 21 

4. P(x) = x 3 - | x 3 + 3x - 2 



II-7 Apply the Intermediate Value Theorem and/or 

Locator Theorem to show the existence of zero(s) 
of a continuous function in a specified interval. 



1. Given the continuous function f (x) = x z - x - 3, ; apply the 
Intermediate Value Theorem to show that there is a real zero 
in the interval [ -2, 0 ]. ... f 

2. Given the continuous function f(x) = x 3 + 2x 2 - 1, apply the 
Intermediate Value Theorem to show "that there is a real zero 

* in. the interval [ 0, X !• ' ^ 
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II-8 Graph a polynomial function. 



Graph the /functions; 




+ 2) (x - 1) 



g(x> - <x -\) 2 (x + 1) 



3. A(x)n= (x 2 + x S>6) '(x 2 - 

4. P(x) = |x {x 3 - 8) 



1) 



U 




1. The polynomial function P(x) = x 3 - 4x + 6 has a zero between. -3 an<? 
Approximate. this zero t^the nearest tenth. '.."'*< 

* * * . ■» 

2. Approximate to the nearest tenth the smallest positive zero of „ 
P(x) « x 3 + 6x 2 - % 10x - 1. 

* — ^r^i* 

3. Approximate -to the nearest tenth all real zeros of P(x) = x 3 + *3x*- 2 

■ » ► «* 

4. Gitfen the polynomial *f unction P(xl * x 3 - x + 7, ' approximate all' real 
zeros 'of Ptx) . . 

■ . /■ . . 
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11-10 Determine a polynomial function, given sucV 
infosjpaation as 'the zeros and the degree* 



1. Determine thfe polynomial* function of degree 3 having integral 
coefficients and zeros of i, 2,. and *"3. 



2. The gx;aph of a polynomial function P(x) 
of degree 3 is shown at' the right. 
Determine the polynomial function 
if its leading coefficient is 2. 




6% 



3. Determine the third degree polynomial with leading coefficient of 1 and 
whose zeros are 2+i,3-2i, and i , 



To the right, the graph of the 
polynomial function pj(x) is of 
degree 6 and has leading 
coefficient of 4 apd has 
only one distinct zero. 
Determine the polynomial 
function* 




Z 4 & 
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11-11 Given' a polynomial function, determine all the zeros 
over the set of complex numbers and sketch the graph. 



Determine all zeros of the function and sketch its graph: 
1. P(x) 



= 2k + x 3 - 25x 2 - 12x + 12 



2. P(x) = x* - 9x 2 + 18 



3. G(x) = 4x** + 14x 2 - 8 



4. f (x) = x 3 + 3x 2 + 8x +24 



\ 



11-12 State the definition of a rational function, 



f : 



1. Define a rational function in terms of two polynomial functions f and g. 



2. State the definition of a rational function. 



3. A rational function is 
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11-13 State the domain of a rational function. 



1. * State the domain .of the function r(x) = g - ± over real numbers 

2. State the domain of ,the function f (x) •» ' 



^ x over real numbers. 



3 (x + *1) . /v " • 

3- - State the domain of the function g(x) 2 x 2 + 5x + 3 9ver real nuinbers# 

> 

12 x 2 4 17x - 5 * 
4. State the domain of the. function G(x) = 2x ^ + ^ 5x _ 42 

over real numbers. , . 



II-.14 Determine the vertical, and horizontal 

asymptotes of a" given rational function. 



Determine the vertical and/or horizontal asymptotes of the . following 
rational functions: ' » 



i. y = 



2x - 4 



2 V p(x) = ^rr* 



3. p(x) 

4. p(x) 



c 2 _ 9 



? - 3x - .10 



3x 3 - x 2 + x + 5 
2X* - 5X*'- 2x + 5 
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11-15 Determine oblique asymptotes \ of a given rational function , 



x + 2 



1. Determine the oblique asymptote for the rational function 

' m 

2-. Oblique asymptote of the rational fuription p(x) = 

a) x = "2 , 

b) y = x <. 
• -.c) y = x - 4 

/ d) y = 1. 

e) There^is no oblique asymptote. 



x 2 - 2x H* 2 



is: 



3.- Which one of the following functions has an oblique asymptote of y = 2x? 
2x 2 - 12x + 1 



a) p(x) = 



x + 2 



by-pCx)- = 



2x 2 - 6x + 5 
x - 3 



c) p(x) 



2x - 5 



d) p(x) 

e) p(x) 



_ 2x d + 8x z - -f x - 5 
• x z + 4 

_. (x 2 + 1) (x + 5) 
x* - 16 ' 



4. Determine the oblique asymptotes of p(x) = — - 2) (x * 4) (x ,~ 3) 

(x - 1) (x + 3) ■ 
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Xl-ij5 Sketch the graph of a rational function. Determine the 
~ domain, intercepts, and asymptotes. State whether the 
function is. even, odd, or neither. Discuss symmetry. 



1. Sketch the graph of p(x) * • Detexmine or disc ^ ss ^^ ted 
items, regarding this function. 

a) domain 

• b) coordinates of x and/or y intercepts ^ 

c) symmetry with respect to y axis, origin 

d) asymptotes - - vertical , horizontal , oblique 

2. Given the function p(x) = ^ZTg ' sketc * its 9 ra P h - Determine or 

» 

discuss the following: 

a) domain 

b) coordinates of x and/or y intercepts 

c) symmetry with respect to y axis, origin t 

* 

c) asymptotes ^ 

3. Determine the domain, coordinates of the x and y intercepts/ symmetry, 
and asymptotes of the function, G(x) = X " l\* 2 • Sketch its graph. 

4. Sketch the graph of f (x) = > discussing domain, intercepts, 
symmetry, and asymptotes. 
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11-17 Sketch the graph and determine the domain of a given 

algebraic function (non-polynomiSl and non-rational). 

Determine the domain of the following functions and sketch a graph for each. 



1. 



y » Vx 2 - 9 



2. 




3. 



f (x) « 3 + /x + 4 



4. 



g(x) 




/ 
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ANSWERS . 
II-l 

1. a) yes 

b) no 

— *c) no 

d) no 

2k a) yes 

b) no 

c) no 

d) no 

3. a) no 

b) no 

c) yes 

d) no 

4. a) no* 

b) ho 

c) yes 

d) no 

II-2 

1. P(5) = 535 

2. PC-3) =|| 

3. P(/27 » 5/F- 7 

4. P(3 - i) « "12+ 51 i 

II-3 " ' . * 

1. x 3 - 2x 2 - x + I « (x 2 + x + 2) (x - 3) + 7 > 
• 1 I3T-15 



in'l^i-f f iiii i in - i- •■ - - 
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Uni't II • ' 

ANSWERS 

II-3 (continued)" *' 

• ♦ $ . 

2. 15x 3 + 16X 2 - - 12x + 2 (5x 2 - 3x + 1) . (3x + 5) - 3 ' 

3. -| x 3 ^ ^x 2 + x - 3 = (|x - |) (x 2 +1) * I st ~ X 

4. x* + 3x 3 - x 2 +. 5x - 1 = [ x 3 + (1 + i) x 2 + (-4 - i). x + (14 - 2i] 
[ x + (2 - i) ] + (-27 + 18 i) 

II-4 

1. (x - 2). 

2. (x +/2 ; (x- 3i) > * ' . 

3. none 

4. (x + /f) r (x + 5i) 
II-5 

1. P(3) « 0; therefore 3 is a zero of P(x), 

2 2 

2. P(-—) « 1; therefore (~^r) is not a zero of P(xh 

3. P(2 + /3)~ = 0; therefore (2 + /$) is a zero of P(x) . (> 

4. P(-2 + 3i) ■ -I? therefore (-2 + 3i) is not a zero of P(x) , 



II-6 



1. {-1, 2} 

2. {1, - i, 4} 

3. <f> • 

l 3' 
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ANSWERS 
II-7 

K . • 

1. f(a) = f(-2) =,+ 3; f(b) = f(-l) = -1 

-V 

Let d be between f(a) and f(b) and be equal to 0. The theorem states that 
there exists a c suck that a < c < b and f (c) = d « 0. Thiua c would be a 
zero of thfe function. 

7 ■ " • • 

2. f(a) = f (J) = -1; f (b) = f (ly- = 2. 

Let d be between f (a) and f (b) and be equal to 0. The theorem states that 
there exists a c such that a < c < b and f (c) = d = 0. Thus c would be a 
zero of the function. \ 

TT-fl * 

See page 25 • 
II-9 



1. 


-2, 5 








2. 


1.4 








3. 


.6 








4. 


-2.1 








II- 


-10 








1. 


P(x) = 


2x 3 


; x 2 - 


13x + 6 ' 

t 


2. 


P(x) = 


2x 3 


- 2x 2 - 


■ 18x + 18 


3. 


p(x) = 


x 3 - 


- 5x 2 + 


(9 + 4i) x + (-1 - 8i) 


4. 


p(x) = 


4(x 


- 2)" 6 





11-11 

See page 26 . ' 

r 

11-12 . — 

Refer to textbook, 

11-17 
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ANSWERS 
X*rll. 



(1) 



P(x) = 2x* + x 3 -25x 2 - 12x + 12 



C2) 



{I, -1, ±/l2} 























































































































































X 






























































V 






















i 


l\j 
































Si 






























































































































n 











































































































P(x) = x 4 - 9x 2 + 18 



/J, ± /6}' 
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(3) 



G(x) = 4X 1 * + 14x 2 
{+ ^2 , ±2i} 



- 8 



(4) 



f (x) = x 3 + 3x 2 + 8x + 24 
{-3, ± 2V2T} 
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ANSWERS 
11-13 • 

1. all real numbers, R 

2. {x: x ? ± 3} _ - 

3. {x:^ x -1, ~ 2 ■ 

4. {x: x t -3, ~ -r* 2} 



11-14 

*■ 

1. X ■ 2; y ■ 0 

2. y » 0 

•3. X = 5; X = -2; y = 1 
'4. x = -|; x = 1; x = -1, y = -| 

11-15 

1. y = x + 2 

2. c 

3. b 

*■ y*h» x - 3 
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1. p(x) » 



X - 4 

a) domain {x;x f 4}. 

b) coordinates of 

x intercept (s) : — ■ 
y intercept: (0, ^3) 
4 

c) symmetric with respect to 

y axis: no 
origin: no 

d) asymptotes 

vertical: x - 4 
x horizontal y = 0 
oblique : none 

x * 



2. P(x). = x 2 _ 9 

- i 

a) domain {x:x f ± 3} 

b) coordinates of 

x intercept j * Q Q 
y intercept ' 

c) symmetric with respect to 

y axis : no 
origin: yes 

d) asymptotes 

vertical: x - 3, x ^ -3 
# horizontal: y = 0 

oblique : none 
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o ^/ , * 2 ~ 2x 4- 2 

a) domain {x: x ^ 1} 



b) coordinates of 

x* intercepts: /- 

y iftterce^ti^lO, -2) . 

c) c symmetric with respect to 

<y axis: i/ho • r 

'origin: t no , 

d) asymptotes ■ 

vertical: *x = 1 
horizontal: . none \ * v 
oblique: y = x--« 1 ( 



<■ 



4, f(x) = 



x2 •* 4 



a) domain: {x:x£R} ■ 

•c , - 

T*) coordinates of : 

</ * . ^ <' a ' J 
x intercepts: » t \ t 

y intercept: (0, 2) f 

4 . . • ;'J 

c) symmetric with respect to . 

y axis: *yes 
origin: *'ho ' * ; 



d) *" asymptote^ ; 

1 » 

vertical:' none x 
horizontal : y » 0 
oblique : none 
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Pre-Calculus - Elementary Functions - 

Unit III Exponential and Logarithmic Functions 

* » 
Overview < 

In this unit a systematic presentation of transcendental functions provides 
a comprehensive review and extension of real number exponents and logarithms. 
The study of the behavior of the functions , together with their graphs, is 
essential. 

Suggestions to the Teacher 

A rigorous approach to the unit may be somewhat alleviated if the use of 
calculators is permitted. Emphasis should be placed on setting up an equation 
in order to solve a problem using logarithms. Proving' the Laws of Logarithms 
is also appropriate at this level in the Student's mathematical development. 
The constant e and the function In x should be included in the teaching of • 
these objectives wherever possiBle. In addition, the, amount of lineat 
interpolation used in problems may be determined by class needs and-background 
experiences . * " ' 

Suggested time: 10 days - - 



o jii-i 72 

ERIC 



Pre-Calculus 

Unit III Exponential and Lc^arithn&c Functions 

PERFORMANCE OBJECTIVES » 

Note: The constant e and the function In x should be included 
in the teaching of these objectives wherever possible.-* 

Apply the Laws of Exponents tq simplify. expressions. • 

. Sketch the graph of an exponential .function. ' * . 

Solve exponential equations .using th£ Laws of -Exponents . 

Solve a growth or decay problem, using* exponential functions. . 

Given an exponential function, discuss its properties (domain, range, 
continuity, increasing-decreasing, Ixfiinds, and one-to-one) . 

Sketch the graph of a logarithmic function . • 

Given a logarithmic function* , discuss its properties (domain, range, 
continuity, increasing-decreasing, bound?, and one-to-one). 

Solve logarithmic equations using the Laws 6£ Logarithms.'* ■ > 

Using the Laws of Logarithms, compute products, quotients, powers, * 
ox roots (or a combinatioa of these operations) • 

Solve exponential or logarithmic equations, 'using a table of logarithms. 
Use logarithms- to solve verbal problems . 



1. 
2: 
3. 
4. 

5. 



6. 

V 

7. 



8. 
9." 

io r 
ii. 
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Unit III - Exponents and Logarithms 

t 
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III-l ■ Apply the Laws of Exponents to simplify expressions. 



T 



Simplify. Write answers, with positive exponents: 
1. 



5 -3 

a) x y 

x 6 yf- 



b) ?-8x s y y • 



c) 



£ 4 I 

.,235 

16 x . y 



,24 
6x y 



18x" 4 y 2 



xy 



\ 



4. 



a) 



-4x y. 
64x -1 y 5 

6/ 



b) / 16x =T y 1 



2. 1 
3 2 
64 a b 



325 a 



b) • / 2 !v : r 



8ab 



( 9x 2 y 3)T 
3 _1 x~ 4 y 



3 - 

- - a > 27x- I y- 5 



b) /l2x~ 2 y yix^yl 
2. 



c) 



3 . 4 4- 
27 a b~ 2 

2 1 ••■ 
3a"3 b2,, 
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III-2, Sketch the graph of an exponential function* 



Sketch] the graph . of ; 
1. E(x) = 2 X " 1 



2. f (x) = 2~ X + 3 



-x 2 



3. g(x) = 3 



4. H(x) = 3~ X + 3* + 2 



III- 3 Solve exponential. equations using the Laws of Exponents. 



Solve for the variable: 
1. x: 2~ X = 64 3 

1 =32 5 



2. y: ,y-i 
3 f a.:' (a + 2) = 3. 3 . . . 



4. y: 9 8 y + 3 = 27 v .' 



2 -2 



Pre-Calculus 
ttait III 



III-4 Solve a growth or decay problem, using exponential functions. 



The number N of fruit flies at time t. days is, given by the equation 

t/4 ' - ' . ' ' * 

N = 100 • 2 . How many flies are present at 'the 'beginning of the 

experiment? How long -does it take to double the population of fruit ' 
flies? ' ----- 



2. If a new $6000 car depreciates^20% each year, what will its value 
be in t years? 

3. A bacteria "population triples every 6 days. If ^the population is now 
90, when will' the popylati'bn be 810? 0 

4. What amount of money is reached by investing $400 for 5 years at 6% 
interest compounded continuously? 
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Ohit III - • i ' * . 

■i — 

III-5 Given an exponential function:, discuss its properties 
(domain, range, continuity, increasing-decreasing, 
bounds, and one-to-one) "•" 

* ■» , ■ 

Discuss the properties of the function (domain u range, continuity, 
increasing, decreasing, bounds, and on^-to-one) for: 

n -x , ~ 

1. E(x) ■ 2 : 

2. f(x) = 3 X 

x + 3 

3. G(x) =2-1 
2X 

4. p(x) = e 



III- 6 Sketch the graph of a logarithmic function. 

Sketch the graph of the following functions: 

1. f (x) = log 2 (x - 1) 

2. g(x) = log 3 /x 

3. f (x) = log r (-x) 

3 

4- h(x) = ln|x| ^ 

i 

M 
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= ' : : 

III-7 Given a logarithmic function/ discuss its properties 
(domain, range, corftinuity, increasing-4 e creasing, 
bounds, and one-to-one), " \VJ * 



Discuss the properties of the function .(domain, range, continuity, 
increasing - decreasing , bounds, and one-to-one): 

1. f(x) = log j x 



2. g(x) = log (-2x) 
3 , 



3. h(x) = (log x) 2 
3 



4. G(x) = | In x| - 



. III-8 Solve logarithmic equations using the Laws of Logarithms. 



Solve for x: 

•1. log x + log (x + 2) ■ 1 

3 3 



2. log 2 (2x + 3) - log 2 (x - 3) = log 2 5 

3. log 4 - log (x 2 - 9) + log (x + 3) = log x 



4. log x » -j[2 log 8 - 6 log 3] - 2 log 2 + log 3 



4s* 



•1 
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unit in 



IIS-9 Using the Laws of Logarithms, compute products, 
quotients, powers, or roots^ (or a combination 
of these operations) . 



Compute the product, using logarithms: 



1. (6.52) (31.4) 
.01484 



2. 



3.015 



3. (.0-157)^- (11.-99) 2 



4> -(738600) (.2743)' 
✓(8.1) (48.12) 



111-10 Solve ' exponential or logarithmic equations, using 
a table of logarithms. , 



Using a table *of logarithms , solve for each variable : 
1. 3 X = 1208 



2. N = log 5 28.14 



, J2x+1 0 x-4 
3. 3 =2 



4. 19. 4 X-1 = 32.18 
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III-ll Use logarithms to solve verbal problems. 



1. If $425 is invested at 6% compounded quarterly, how much money will 
.accumulate in. 12 years7 , 

\ v " * 

2. A house bought 2 years ago for, $35,560 was recently spld for $45,900. 
Assuming the value^of the house increases exponentially, what will 
the value of the house be in two more years? (to the nearest dollar) 



3. "the equation for the amount of energy E exerted by, an object npving 

wf 2 

f feet per second and weighing w pounds is E = - — where E is measured 

" \i * " 

in foot potihds and g is the force of gravity. What is the weight of 
the automobile {to. the Nearest hundred) if it strikes an object while 
traveling 55 miles per hour and exerts 354,087 foot pounds of energy? 

(Use g = 32.16.) 

-» * • 

4. The period P of a sijnple pendulum is given by P = 2tf/ — where P is in. 

seconds, L is the length of the pendultp jarm, and g is about 10 meters 

per-second-per-second. If the period of a pendulum is 3.264" seconds / 

j 

What is the length of the pendulum arm? (Use tt ='3.14.) 
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Unit III 
ANSWERS 

III-l 

1 



!• a.) 



'.xy 7 



13 7 6, 



;i" b) -4X" 5- y T or -4x 2 y 3 v£y3~ 
'll 



„ 3x 3 
C) "2T 



• , x 6 y 2 
2. a ) — : 



ii ii «a 2 12 



b) 2^* a 12 or * a ./^b 7 



b 



i it • r— 
c ) 3 3 x 3 or 3X 11 3 ^x 2 



3, a> " JZ! 



7 1 19 



b) , 2 • 3 6 X T y" 6 " or 6 y 3 6/ ^. 

V* 

c) ^L: 



4 * ^ " 

11 1 1 12__ 

b) 2* 2 x 12 y i2 or /2Hx y 7 

5 ?n 

c X Sa^ b 5 or 8 > / a 5 b 8 



9^- ' m-ii 
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Pre-Calculus ; 

Chit III 
f 

ANSWERS 
III-3 ' 

1. ' .{-4} '• 

2. t-2}' , 
3; {79} ' 
4. {"f, 6} 

III-4 

1. 100, 4 days 

2. C = 6000 (.8) 1 

3. .12 days 

4. $539-. 96 



III-5 



1. 



2. 



domain: all real numbers. ' * , 

range: all real ' numbers >0 
continuous function - fc - 

decreasing, one-to-one * 
Greatest lower bound is 0. 
domain: all re^l numbers except 0 

range: all real numbers >0 

* V 1 

continuous' everywhere except at x « P 

dfecreasing, one-to-on^ 

K , . 

Greatest lowier bound is 0. 

• . * , > i ♦**/. • 
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Pre^Calculus ' 

Unit III ' ^ 

ANSWERS 

III-5 (continued) * H 

3* domain: all real numbers . 
range: all re^l numbers > - 1 
continuous function 
increasing, one-to-one ' 
Greatest lower bound is 
4. domain: all real numbers v 
range: all real numbers > 0 
continuous function 



increasing , bne-to'-one 
Greatest lower jx>und is 0, 



III-6 



1. 



2. 
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* Pre-CalcaLus 
Unit III : 
. ANSWERS ' ' 

III-6 "(continued) 



»• 3. 
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III-7 



1. domain: all real> numbers > 0 
. ; " range : all 1 real numbers 



.cdntinuous \ function * 
7 A .* decrea^ijag, dfe£-to-one 

2: domain: fell rdal. numbers .< p 
, range*: all r&al numbers * 
V s * ^Goritipuous^ everywhere except at x 
m .t y decreasing,' one-to-one 



Pre-Calculus 
Cnxt III ' 
ANSWERS 

III-7 (continued) 

3. domain: all real numbers > 0 
ranger > all^jr^al^'^iumbers - O 
continuous function * 
increasing, one-to-one 

4. domain: all real , numbers > 0 

> 

* range: all real numbers - 0 

continuous function, one-to-one ■ 

r 

decreasing for 0< x< 1 . and increasing 
Greatest lower bound is 0. 

III-8 

"1. x = 1 . * 

a 

2. x*6, 

3. x =• 4 " ' ' 



4. x = 3 



tII-9„ 

1. '204.7 • 

2. /0d492J. 

3; 36 
4. -2815 



.86 

WI-16 



4 Pre-Calculus - Elementary Functions % 

Unit IV Circular Fu nctions ' 
* 

Overview „ *. 

Each student should have received an introduction to circular functions prior 
to this unit. The purpose of this phase of instruction is to increase the 
student'^ knowledge of circular functions. 

It is possible that periodic functions were discussed in Unit I; however, 
circular functions are the first specific examples of periodic functions which 
the student has encountered. 

- '* 

Suggestions to the Teacher ; 

Applications of the. property of periodicity should be stressed as well as 
relating and reinforcing the properties of functions (increasing, decreasing, 
continuity, boundedness,, one-to-one, etc.) which were studied in Units I, II, 
and III-v 

Evaluating a function, sketching the graphs of circular functions of the form 
y - cos * (b& + c) + d, and determining the equation of the function are skills 
which shbuld be handled with ease by the* student. 

Objectives 1-14, excfept 7 and 13, should be covered Rapidly, as these objectives 
have been taught in previous courses. .Radian measurement of an angle is implied 
unless the 0 symbol is used. Determining the value of equations such as 
cos 1.4567 = x or cos 9 = .4560 should be emphasized. 

When sketching the graphs of the six circular functions (Objective 6) , include 
■variations of the basic functions, such as y = co& 9 + 4, y = cos 9; 
y = -? cos 9, etc. 

The instruction of Objective 9 should include evaluating expressions such as 
(sin £ + co^*)^. The student should maintain good algebraid skills and the 
functional v»ue of these multiples of X and jr should be known by the student 
without the use of a notecard. 

Objective 7 is comprehensive in nature! • The student should be able to relate 
the various properties of functions in general to a specific set of functipns, 
e.g., the circular functions. 

Many objectives in this .unit may be taught together" (e.g. , Objectives 9-10; 11-12; 

and 18-22) . If Objective 22 is taught^ it will bd riecessary for the student to" 

acquire skills in solving equations of the form cos t^(t - 2)],= .45§7. Additional 

problems of this type^re Indicated in sample problem #4 for Objective' 12. In 

evaluating radian measurement, the following approximations were used: , % 

J & 1.5708; ir i'3. 1416;'! tt « 4.7124, and 2 tt i 6.2832. .Because of there 
2 . : . 2 \ « 

apprbximations , answers may vary for some of the sample problems, t \ 



*any circular function 



s 
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Pre-Calculus ° 
Unit IV 

- Suggestions to the Teacher (continued) 

' > j ' 

i 

Stress Objectives 14-16. The concept of periodicity is again involved. The 
period can be expressed in units of it or simply in numbers such as a period 
of 10. In the sample problems for Objective 16, answers stay aqain vary , 
depending on the phase shift selected by the student. 

More can be done with the formula for f + g (Objective 17) after discussing the 

sum and difference "formulas in Unit V. 

* 

Objectives 18-22 allow^ the student to see practical and useful applications of ; 
circular functions. The best textbook for these objectives is Trigonometry : 
Functions and Applications / by Foerster. . 

* 

It is recommended that each school have copies of these textboo*ks: 

s 

a. . Trigonometry: Functions and Applications , .by Foerster 

b. Pre-Calculus Mathematics, by Crosswhite, Hawkinson, and Sachs 

c. Pre-Calculus Mathematics , by Shank 

The use of calculators is important in the solution of some of the application 
problems . 

" t 
Suggested Titae: 12 days 
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Pre-Calculus 

Unit IV Circular Functions 



PERFORMANCE OBJECTIVES 



1. Convert angle measurement from degrees to radians Or radians to degrees, 
« 

2. Solve verbal problems using the formula for arc length, s = r 9. 

3. Use the definition of the wrapping function to determine functional 
values for a specific value of the domain. 

4. State the definitions of the six circular functions. 

5. State the domain and range for each of the circular functions. 

♦ * 

6. 'Sketch the graphs of the six circular functions,' 

^ * »■ 

7. Given a circular function, indicate -its properties with respect to. 
continuity, asymptotes, increasing-decreasing, even-odd, boundednesfcrr" 
and periodicity. \ 

8. GivenNan angle, determine its reference angle. 

9. Determine tl?e functional values of the special* angles (multiples of 

6 •' 4> ' - 

10'. Determine the measure (s\ of a special angle, given the functional 
value of the angle. 

11. Us^a table to determine the functional value of a given angle, 
interpolating as necessary. 

12. Use a table to determine the measure (s) of an angle, given the 
functional value of an ^ngle, interpolating as necessary. 

13. Given the equation or graph of a circular f unction, determine the 
period, amplitude, phase shift, and vertical snrttT 

14. Sketch the graph of a circular function that has a phase shift and/or 
j vertical shift. _ • v 

15 f Given the amplitude, period, phase shift, and vertical shift, 

write the equation of a sine or cosine function. - ~ < 

16. Given the graph of a. circular function, determine its equation. ■ 

17. Given two circular functions, f &nd g, sketch the graph of f + g by * 
.addition of ordihates (graphica'l addition)'. 



* Comprehensive objectives Iv _ 3 * Q 



Pre-Calculus 

Unit IV Circular Functions kf 
PERFORMANCE OBJECTIVES (continued) 

18. Solve verbal problems involving uniform circular motion. 

19. Solve verbal problems involving a simple harmonic motion* 

C jrptional ? 

20. Solve verbal problems involving other applications of the circular 
functions (alternating current, radio, Fourier coefficients). . 

21. Construct the equation of a sinusoidal function given data from a set 
of physical science observations. 

22. Use the equations constructed in Objective 21 to make predictions. 



Unit IV - Circular Functions 
CROSS-REFERENCES 



Objectives 


Coxford 


£rosswhite 


Fuller 


Shanks 


So'rgenfrey 


Wooton' 


1 


115-118 


165-169 


A 


97-100- 


276^280 




2 


119 






98-100 


281 




3 


65-68 * 


125-127 




100-105 


265-270 ' 




4 


70, 97 


129-132 




105, 108 


270, 313 




5 


70, 97 
124-126 


132-134 
139-140 




114-115 


270, 313' 




•6 


82-83 
98-102 


132-141 


- 


114-115 


281-287 
313-316 




7 


102 






115-116 


272-273 




8 


120 






129-133 

i 




H 


9 • 


74-81 
127 


130-132 




111-113 


271-272 




10 


74-81 

r 


I i 4 

130-132 




111-113 , 


27V276 


A 


11 


• 


17^-172 




134-135 • 


• 


* 


M2 


• 


170-172 




134-135 






13 


86-91 
92-96 


126, 132-141 
161 


* 


114-121 


281-287 
293-298 




■ 14 


95-96 


132-141 ■ 
161 




« 

114-121 


281-287 
293-298 




15 


92-95 








286 


Q 


16 


90-91 


138 




118 




1 
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Unit IV - Circular Functions (continued) 
CROSS-REFERENCES 



ud jec z I ves 


f* r\ v> ■£ /I 

uoxtoro 


Crosswhi te 


Fuller 


Stank* 


Sorgenfrey 


* 

LJfioton 


17 i 




1 Of - 1 00 




199 1 9A 


90£ 9QQ 




18. 


"A 


1 OH- 1 oo 






' 327-329 
331-334 




19 








1 HO- 1 HO 


OOU-0 JH 




20 ■ 








147-152 


* f 




21 


For Objec 
ADDlicat 


tives 21 and 22, 
ions, Foerster. 


refer to^- 
PP. 5^93. 


riconometrv: 


Functions and 




22 
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Pre-Calculus 
Unit IV 



IV- 1 Convert angle measurement from degrees to radians 
or radians to degrees. 



lT~ Convert each of the following angles into its equivalent degree or 
radian measurement. 



Degr 



ee 



Radian 



a) 
b) 



35° 
-742° 



12 
2.7 



IT 



2jj(eht 



2. Change each angle to its equivalent degree or radian measurement. 
- a) 205° _ 

b) 12° 15' 

c) ± 

d) " ' 



64 
1.6 



3. Determine the equivalent degree or radian measurement' of each of 
the following angles. 

• ' «) r • * . *° . . . . - ' . • 

b) ) ir 

c) .5 

d) 45° 6' 15" v - 



rv-7 , 
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Unit IV 



i 



IV-2 Solve verbal problems using the formula for arc length, s a r 0, 

< * i ( ' ^ 

1.. If the radius of a bicycle wheel is 28 inches, find the distance the 
•wheel moves as the wheel travels through an angle of 10 radians. 

2 r True or False: <, <. * 

A 30°_arc in a circle of radius 40 is 4 times as»long as a 
30° arc in, a circle of radius 10. 

f -* 

3. Friction gears use friction to transmit motion from one gear to another. 
If a friction gear with jredius of 12, inches moves through an angle of 7 
radians, determine through how many radians the contact gear with radian 
of 9 inches moves. 4 

4. A bucket is drawn from a well by puiling the rope over a pulley. Find 
the radius of the , pulley if the bucket is moved 82.9 inches while 

the pulley is turned through 4.4 revolutions. 



IV- 3 .Use the definition of t)$ wrapping function to determine 
functional -values for a specific value of the domain. 



11 - 

1. Use the, definition of the wrapping function to. determine W. (— tt) 

• , A 7 

2. If W (0) represents the wrapping function, ' determine W (^ff)* 

. , \ 

' r 7 * "J » 

3. Determine W(~ j tt) where W represents the wrapping f unction . 



4. Using the definition of the wratpping function, determine 
W (— tt + 2ttK) , K e integers . 
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Pre-CalculuS 
Unit IV 




1. State the definition of sin x. 



2« The cos x is defined as 



3. If W(9) = (x, y) corresponds to the point on the unit circle 

associated with the real number 9 by, the wrapping function W, then 

sin 9 = v_ 

cos 9 = ' 

i ■ 

tan 9 = , - , 



4. .State the definition of esc x in terms of the wrapping function. 




1. State the;clomaincind range of the t^angeht function 



2 P The domain and xange of the sine function is" ; 

k 

3. The domain' 6f the coscx is : while the range is 



4. State the domain and range of the cosecant function - 



IV^9 
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Tre -Calculus 
Unit IV 



IV-6 Sketch the graphs . of the six circular .functions. 



1. Sketch t&e graph of y = sin x 



for all 0 S x Z 2tt, 



3 

'TT S v i 

2 



^ _ 3, < < ± _ 
2. Graph y = tan x for — tt - x - 9 u * 



3. For all x, sketch the graph of y = cos x. 



4. Sketch the graph of y = sec x for -2tt - x - 2 it, 

7 



9» 
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Pre-Calculus 



Unit IV 
t, 



IV-7 Given a circular functibn, indicate its properties with respect 
to continuity, asymptotes, increasing-decreasing, even-odd, 
boundedness, and periodicity. • 



1. Given the graph of y = sin x as shown, discuss the following properties 
with respectf to this- graph: K 

a) continuity 

b) symmetry with respect to? 

c) boundedness 

d) period 



e) Indicate an interval for 
which f(x) is an ^ 
i increasing function , 
over 



* x $ 0. 

































t 


































ft 














































































































i — 












































- 
































r \ 






/ ' 


i ) 














\ 




r/T-i 


■ 






















r 






A2.7 
































\ 


!/ 




































\ 








i 1 ■ 


























— I 






























































































































r 


















J 





2. Given the graph of the tangent function as shown, indicate the properties 
of this function with respect to: 



a) even or odd function 

b) increasing or decreasing 

c) period 

d ) boundedness 

e ) asymptotes 
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Pre-Calculus* 

ttoiit IV-7 (continued) 



3. From the graph shown, indicate 
. thp properties of continuity, 
even <5rK>dd functions, 
bound£dness ; and periodicity. 
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4. Given the graph of a secant 
function as shown , indicate 
the properties of this 
function : 

a) even or odd function 

b) continuous 

c) bounded 

d ) . period 

e) indicate an interval 
for which f (x) is 'a 
decreasing function 



over 



IT 

6 



< x < 
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Pre-Calculus 
Unit IV 



IV-8 G^Lven an angle , t determine its reference angle. 



Determine the reference angle for each of the following angles: 



1. 



Angle 

a) 207° 

b) 2.1456 

c) 1813° 

d) 5,9143 



\ 



Reference Angle 



b) _ 
c ) 
d) 



3. 



a) 134° 

b) 6.8255 
' c) 5.0000 

d) 1400° 

a) -2.5000 

b) 2893° 

c) -253° 

d) 12.5000 



a) 
b) 
c) 

a) 



b) 

<=) 
d) 
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Pre-Calculus 



Unit IV. 



IV- 9 • Determine the functiortaj values of the special angles. 
, (multiples of ir , TT_). • 



6 4 



1. Evaluate' each of^the following: 

a) sin — tt , 

* ■ 4 

b) cos ("g ir^ 

c) cot [— tt) ^ 

d) sec (^j- tt) 



2. Determine each of the following afunctional values: 

a) (tan ~r) • (sec \ tt) * / 

■4 3 

b) sin ( — tt) + cos — 4 7T 

4^ 3 & 



0> 



\ . /-17 * ~ TT 

c) sin. ( — tt) -2 cos r- 
6 3 



8 . 5 o 

d) (cot — tt + sin *r tt) z 



3. Determine the v^lue of each of the following?* 
11 

6 ~ ™" 3 



a) 2.(sin ~ tt) - 3 (taiv \ tt) 



b) cot' (- v) * sin —.it 
4 6 



c) 4[siri^ - cos ttJ 



4 d) tan 0 + esc tt 



• I0i 
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Pre-Calculus 
Unit *IV 



w • 



IV-10 Determine the measure (s) of a special ^ngle, given the 
functional value of the angle/ . 



i ■ . 

X. Determine all angles whose functional, values are given: 

a) sin 9 = 1 

b) sec 0 = ~/2 * 

c) tan 0 is undefined u 

✓5 < ■ / 

d) cos 0 = ■ — r- % 

. 2 

+ 

2. Given the functional value of an angle, determine all the angles 



a) tan 0 = • ~- , t 

b) cos 0=0 

c) esc 0*= 2 

• - % 

d} sin iTis undefined * 

> 

3. Evaluate all the angles whose functional values *are given: 
« 

a) sin 0 = ~/3 

2 

b) tan 6=1 , f 

c) cos, 0 = -1 

d) esc 0 = -2 



\ 



2^-15 



> 



102 



Pre-Calculus 
Unit IV 



IV-11 use a table to deteZnine the functional value of a given angle, 



interpolating as necessary. 



\ 



1. Use the tables to determine the functional value of the giveil 
angle (interpolate where necessary) : 

a) sin 154° 20' = 

b) cos (2.5802) = 



c) tan (-100° 15 1 *) = 

d) sin (-1.1170) = 



2, Using the tables, determine the functional value of the given angle 
(interpolate where necessary) : * • 

a) cos (-213° 10 f ) = 



b) tan (5.2738) = . ; ^ 

A/ 

c) sin 36* 13' = ^ 

d) cos 4.32^5 = 

3.v Determine the functional value of the cjiven angle by 'using'* the tables 
\ (interpolate where necessary): ' v 



d) tan 97°. 40' = _ 
. b) sin 197° 40' = 
c) cos (11.2516) = 
dV\in (.4310) = 
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Pre-Calculus 
Unit IV . 



V 

IV-12 Use a table to determine the ijieafsure (s), of an angle, 
given the functional value of an angle, interpolating 
( as 'necessary. 



1. 



Determine all angles 0, 0 £ 0 S 2 * by use of the tables, 
angle measurements in degrees (interpolate as necessary) • 

a) sin 9 =^.270CL * 

b) cos 0 =? --..3773 

c) tan 0 = .$693 

d) sin -0 = - . 7786 < 



Express 411 
\ 



2. Use tables to determine all angles 0, Q - 0 * 2* whose functional- value is 
given. Express all angle measurements in radians (interpolate as 
necessary) : ' <* 

» a) Cos 0 = - -7234 

. t b) tan 0 = 1.8040 

c) sin 0 - - .9417 

a) cos 0 = .0410 

V 

3. Determine all angles satisfying th6 given functional values. Express all 
angle measurements in degrees (interpolate^^ necessary). 




a) sin a = .3746 

b) tan 9 = - 1.6643 

c) cos»9 =• .6450 
'd) sin 9 =-5500 ». 
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Unit IV ""\ 

IV-12 (continued) 

i 

4. This type of problem must be done if Objective 22 is covered . 
Determine all values for x satisfying the given equations: 

a) cos [j (t -2)1 = .2560 * ' 

b) sin (t + 1)] = - .4384 , 

c) cos [J (t - 1)] ■ - .3907 



d) sin ^ (t - 5)] = .8571 
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A 



Pre-Calculus 
Unit IV 



IV- 13 Given the equation or grfcph of a circular function, determine 
. * .the period, amplitude, phase shift, and vertical shift. 



1, Prom the graph of a sine function 
shown, determine: 



a) period 

b) amplitude 



c) phase shift 



d) vertical shift 



2. Fxpm the graph of the tan 
function as shown/ determine 




cj^ vertical shift 
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Unit IV 

IV-13 (ccmtinued) 

3. Given the equation y = 4 cos (2x' - 1) + 7, detenfiine: 

a) period 

b) amplitude 

c) phase shift 



d) vertical shift 



4. Determine each of the, following 
from the cosine function shown: 

a) period 



b) amplitude 

c) phase shift 



d) vertical shift 
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* 



IV-14 Sketch the graph of a circular function that has a phase 
shift an^/or vertical shift. 

1 ^ J 



1. Sketch the graph of the function, f (x) =4 cos (2x - j ) - 3 for 



2. Given y - 3 sin 9 - tt) + 6 for - 2ir $ 8^6", sketch its graph. 

» 

3. Sketch the graph of G(x) = sec (3x - j) - 3 for - ^ i 9 < i| »• 



4. Given the function y = .8 cos [£■ (9 + 2) ] + 1.2, sketch its graph for 



-5-9-13. 
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IV-15 Given the amplitude, period, phase shift/ and 
' vertical shifty write the equation of a sine 
or cosine function. 



< 



Write am equation of a sine curve with the given characteristics: 

A 

Amplitude^ 2; Period: tt; Phase Shift: — ; .Vertical Shift: -1 



2. Write an equation of a sine curve with the given characteristics: 

Amplitude: j; Period: j; Phase Shift: -J? Vertical Shift: ^ 

» 

3. Write an equation of a cosine curve with the given characteristics: 

Amplitude: j; Period: Phase Shift: j; Vertical Shift: +2 

4. Write an equation of a cosine curve with the given characteristics: 

3tt 5 
Amplitude: 3; Period: 3tt ; Phase ^hift: -y; Vertical Shift: "j 



o 
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IV-16 Given the graph jo^;$ : Circular function , Miete£&#fts its 



its equations 



X. 



Determine the equation of the 
sine function shown at the 
right. 



2 . The graph of a secant function 
is shown. What is its equatio'p? 





Pre -Calculus 

Unit IV ' 

IV-16 (continued)' 
3. 

a* What is the equation of 
* this cosine function? 

> 

b. What is the equ^tipn,of 
? this sine function? 




4. 



ERLC 



a. Determine the equation of 
the sine function. 

b. Determine the equation of 
the cosine function. 




in 



3 



■ to 



93 - 14* 
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IV-17 Given two circular functions, f and g, sketch the graph of 
* ^ + g by addition of ordinates (graphical addition)* 



♦ 

Given f (x) = sin x and g(x) = -2 cos x, sketch the graph of f and g 
on the same set of axes and then sketch f + g. Label each graph and 
make the^final graph clearly distinguishable from f and g. 

2. Sketch the graph of h(x) = sin x + sin 2x by the method of addition of 
ordinates. -Let f(x} = sin x 'and g(x) = sin 2x. Label f, g, and h. 

) 

3. Given f (x) = 4* cos h*. and g(x) ^ 3 sin 2x, sketch the graph of f + g 
by addition of ordinates (graphical addition). Label f, g, and f + g. 
Darken the graph of f + g. 



IV-18 Solve verbal problems involving uniform circular motion. 



1. A point is moving along a wheel of radius 3 units at a constant velocity 
of — revolutions per second. Find the length of the arc traveled in 
*2 .seconds. * 4 , 



2. The earth makes one revolution every 24 hours. Determine the angular 
velocity of the earth 'in radians per hour. 



A phonograph record of radius 3 inches revolves on a turntable at a 
rate of 45 revolutions per minute. What speed are points on the 
record passing beneath the needle when the needle is one inch from the 
center? 

7 7v^3 

A point P 1 is located at (j, — j) when t = 0. If P 1 is moving with a 
constant rotational velocity w around a circle with center at the origin, 

write an expression to represent the coordinates of P at any time t. 



\ 
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IV-19 Solve verbal problems involving simple harmonic Motion, 



5 

1. A simple harmonic motion is given by the equation d = sin — tt t. 

o 

Determine the period and frequency of this harmonic motion, where 
t is in seconds. 

' \ * 

2. A wheel revolves at a constant speed of 40 revolutions per second- 
What is th$ period of this motion? 

3 J Point M is the midpoint of a segment 2 inches long. 

A point moves along this segment with a simple j 

\ t ^ 

harmonic motion that has a 12 second period. When 

* 

t = 0, the displacement from M is zero^ and when t = 1, the displacement 
from M is positive. Determine the displacement (negative to left of M * 
and positive to the right) from M at the end of: 

2 period 
b) ^ period 

c ) 1 r^r periods 
d ) 21 seconds 

i 



/ 
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IV-20 Solve verbal problems involving other applications of the 
circular functions (alternating current, radio; Fourier 
coefficients )•• - * ' 



1. The Electricity in your home is called "alternating current." The 
usual house current is "60-cycle" current, which means a frequency 
of 60 cycles per second. If the quantity of electric current can 
be represented by 

I = a sin wt ; 

how can I be expressed in terms of t if the amplitude is 10u and the 
current is 60-cyc£e? 

♦ 

2. * Scientists have recently developed a theory that a person's biological 

functioning is controlled by three factors that vary sinusoidally with 
time. These biorhythms jare physjxkl with a period of 23 days, 
emotional with a period of 28 days, and intellectual with a period of 
33 days. Orr a particular day ; suppose alj. three of the , rhythms are at 
a high point having an amplitude of 1. Sketch all three "cycles for the 
next 33 days. 



IV-21 fconstrfcct the equation of a sinusoidal function given data 
from a set of physical science observations. 



1. Your distance d from the ground varies sinurfsoidally with time as 
you ride in a f err is wheel. Suppose the lowest point of the f err is 
wheel is 5 feet above the ground and the wheel has a diameter. of 50 
feet. It is alao known that the wheel makes one revolution in 12 
seconds. At t = 0 you are at a height d above the ground. Two 
seconds later you have reached the top of the wheel. Sketch a graph 
of this sinusoid and write an equation for this sinusoid. 



FOR OTHER SIMILAR PROBLEMS REFER TO: Trigonometry: Functions and Applications , 

'by Foerster. Addison-Wesley 
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1. Refer to Sample Problem 1 for Objective 21. 



a) Fufm the information given , determine your distance frkm the grqund 



r 



when t = 0. 



J 



b) When is the second time you are 35 feet above the ground? * 



j ^ 



f e 
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Pre-Calculus 



Unit IV 
m 

ANSWERS 
IV-1 



1. 



s 



a) 



36 



b) - 



371 
90 



c) 105 c 



IV-2, 

1. 280 inches 

2. true. 
28 

3 . ^— radians 

4. 3 

IV-3 

1. (0, -1) 



r 

-2. ■ 



d) 154° 42* (to nearest degree) ( 2. ("j^3/ 



b > 720 * 



o) 25° 19 1 '(to nearest degree)* 
d) 91° 40' (to nearest degree) 



3. 



a) .0548 

b) 180° • 

* 

c) 28° 39* (to nearest degree) 

■, ■ i 

d) .7872 



3. ("J . ~> 



4, ,1-1, 0) 
IV-4 

Refer to textbook . 

I 

I 

IV- 5 

1. D: {xt X 3* \ + ffK} 
R: R 

2. fc: R 

R: - 1 - f00 - 1 



3. D: R 

. R, - 1 < f(x) 2 1 



4. D: {x: x ^ IT K, K is the integer} 
R: f (x) > 1/br f(x) S - 1 
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Refer to textbook . 
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Unit IV 

ANSWERS 

IV- 7 



IV-8 



1 



1. 



1. 



a) continuous over \l 

b) symmetric with respect to origin q 



a) 27° ' 

b) .9956 



2. 



3. 



4. 



c ) 


bounded above and below 






c) 


13° 






t 4 - 
period of 2ir / 






d) 


.3689 






_TT < < n 




2. 




J 










a>. 


46° 




a) 


odd function 






b) 


.5423 . 


L 

> 


b) 


increasing 






C^ 


1 2876 




?) 


■ period of 2tt 






d> 


|40° 




d) 


unbounded 


• 






/ " 


iff 


•> 


asymptotes ^x = Tr + 2irK 

< * 




3. 


a) 


.6416 




■) 


continuous 






b) 


13° 




b) 


odd function 


• 




o)' 


73° 




C) 


bounded above and below 






d) 


.0664 






.pefitfj of - 




. IV- 


9 










1. 




2 




.■•> 


Function is neither odd nor 


even. ^ 




a) 




~b) 
c) 


Function is discontinuous at 
Function is unbounded. 


6 + 2 K 




b) 


2 




d ) 


period of it 






c) 


0 

e 




e) 


decreasing over ~Ji * x f H 
12 6 






d) 


2 
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ANSWERS 



IV- 9 



2. 



\ 



a) -2 

b) -£t 

2 



<0 



_ 3 



4-2/3, 



IV-10 (continued) •■« 
2. 

. ' 9 = f- TT4-2 ir K 
a} 6 

0 8 7 irf2 ir K 



+ ir K 



_ 9 = | + 2 tt K 
5 

9=-tt + 2ttK ' 

6 . 




d) <j> 



l) - 1 + 3/3 



IV-10 



c) 2 

- 2 /3 



1. 



a) 9 = - + 2 tt K 



1 b) 



8=«7Tt + 2ttK 
4 

- 5 

e « - + 2 t k 
4 



c) 0 = j + ir K 



a) 



0 3 7 + 2 ir K 
6 



v e * ~ + 2 * k 

6 



e=-Tr + 2irK 
a)- 3 



0 = j-jr,+ 2 ir K 



b) e 



+ IT K 



C) 9 = IT + 2 IT K 



a) 



1. 



G«-ir + 2irK 
6 

e = f 1 + 2lK 



a) .4331 

b) - .8465 

c) 5.5301 

d) - .8988 . 
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Pre-Calculus 
unit IV 

lV-11 



2. 



a) 
b) 
c) 
d) 



vt-ri 



2. 



- .8371 
-■^5901 
.5908 

- .3773 



a) -,7.4287 

«b) - .3035 

c) .2532 

d) .4178 



a) 0 = 15° 40' or 164° 20' 

b) 0 = 112° 10' or 247° 50' 

c) 0 = 41° or 221° 
d^ 0 ■ 231° 8' or 308° 52' 

a) 0 » 2.3795 or 3.9037 

b) 0 = 1.0646 or 4.2062 

c) 0 » 4.3692 or 5 ♦0556 
6) 0 » 1.5298 or 4.7534 



IV-12 (continued) 

1 3-. 



^0 = 22° + 360 K° 



i 9 ? 158° + 360 K° 
b) 9 * 121°\+ 180'k°. 



CQ m 49° 30' + 360* 
(ja m 310! Vo' + 36G 



K° 
.360 K° 



.? (B = 213° 22''+ 360 K° 

) ■ 

(9 = 326° 36' + 360 K° 



4. 



a) (using radians) 
t = 3.2528 + 6n; 
t - .7472 + 6n 



n e Integers 




b) 



t = 3.5778 + 8n: n e Integers 
t = -1.5778 + 8n 



c) t = 4.7666 + 12n: n e Integers 
t = 9.2334 + 12n 

d) t * 8.9332 + 24n: n e Integers 
t - 13.0669 + 24n 
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g . — -...■>■■ ^ ^ — ^^c^i^u^^. 



Pre-Calculus 

Unit IV Circular Functions 
ANSWERS 

t 

IV-14 



IV- 15 




4. 



3 ia TT, 1 

y = j (4 sin x + -) + j 



_ 1 ,8 3ir. 

3. y * - ( ? cos x - ~) 



2 I 5 

4 * Y = 3 ( j cos x ir)V- - 



\ 
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i 
i 
i 


-tf* 






- — 1_ 












* 

» 
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Pre-Calculus 
Unit IV 



ANSWERS 



i. y 



= 10 sin(2x + j) 



< 



2. y = 3 sec (j x) 



a) y » 2-5 cos [J (x + 3)] + 7.5 ) 

^ J ( Answers may vary. 



b) y = 2.5 sin ^j- 



in fc U + 4.5) J + 7.5 ) 



a) y = 40 sin (x - 8)] - 80 



b ) y = 40 cos fcj (x - 20) ] - 80 



Answers may vary. 



ERIC 




i. 











< ... — ' / Y * V ' j 




X _f)t \< y/ 
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Unit IV 



ANSWERS 

IV- 18 
1. K 



J 



2. =jj • radians/hour 



3. 90n inches/minute 



4. . x » 7 cos (wt + j) : y = 7 sin (wt + j) 



IV-20 



IV-19 

1. 2.4 seconds 
5 



2. 
3. 



12 

_1_ 
40 



cycles per second 



second 



a) 0 



hi 



d) 1 



c) -f 
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ANSWERS 



IV-21 



1. d - 25 cos 4t - 2)] +30 




IV-22 

» » « 

i. - 

a) d » 42.5 feet* 

b) The second -time you are 35 feet above the qround is when 
t " 11.3844 seconds. (This problem may be done in terms 
o£ degrees instead of radians*) ' 
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Pre-Calculus - Elementary Functions 
Unit V Trigonometric Identities * 



Overview : 



* 

This unit will introduce to the student the many trigonometric identities 
and formulas that are needed to understand the intricate relationships that 
exist between the six circular functions. The completion of the numerous 
proofs should greatly enhance the student's mathematical sophistication. 
The treatment here includes .the product-to-sum and the sum-to-product 
identities because of their use in Calculus. 

Suggestions to the Teacher . 

For motivational purposes, many of the objectives include numerical problems so 
that the student can observe how the functional values of certain nonstandard 
angles can be determined. Because of this, some Pre-Calculus textbooks may 
need to be supplemented. Excellent reference textbooks would be: 

Trigonometry ; Functions and Applications , Foerster (1977) 

Modern Algebra and Trigonometry - Structur e and Method - Book 2, 
Dolciani, et al: (1982) 

Often the question of the amount of memorization of formulas is brought up with 
regard to the teaching of this unit. It is recommended, that all basic identities 
(Pythagorean, e.g., sin 2 9 + cos 2 0 = 1, etc.; quotient; reciprocal; negative; 
and cofunction) be memorized. The sum (and difference) and double angle formulas 
for sine, cosine, and tangent need to be memorized as well as the half angle 
formulas for sine and cosine. In addition, it is expected that students should 
be able to derive these formulas and show the logical sequence of the derivation 
of the formulas. The half angle formula for tangent and the product-to-sum and 
sum-to-product formulas need not be memorized but the student should he able to 
derive such formulas. 



Suggested Time 

< 

10 days 



V-1 
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Pre-Calculus 

Unit V Trigonometric Identities 
PERFORMANCE OBJECTIVES 

1. Given the functional value, determine other functional values by 
applyino the Pythaaorean identities. 

2. Prove identities using the reciprocal, quotient, and Pythagorean 
identities. 

* - 

3. Show the derivation for the formula for cos Cot - 6) or cos (a + 8). 
(operational) 

4. Apply the sum and difference formulas to prove identities. 

5. Apply the sum and difference formulas to determine, the functional 
value of^ a given angle. 

6. Given functional values of two angles, evaluate sum and difference 



8. /Prove the half angle formulas for sin jx, cos — x, and tan j x * 

9. Prove identities using double and/or half angle formulas. 

10. Apply 1 the double and half angle formulas to determine the functional 
value of a given angle. 

11. Given the functional .value of an angle, evaluate double and half angle 
formulas . 

12. Verify identities using the sum-to-product and/or product-to-sum formulas. 

13. Apply the sum-to-product and product-to-sum formulas to convert from one 
form to another, evaluating where applicable. 



formulas. 




Prove the double angle formulas for sin 2x, cos 2x, and tan 2x. 



\ 
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Unit V - Trigonometric Identities 
0 CROSS-REFERENCES 



Objectives 


Coxford 


Crosswhite 


Fuller 


Shanks 


Sorgenfrey 


Wooton 


1 


109 








Ill 




2 


105-109 


142-144 


• 


157-162 






3 


135-138 


145 




163-164 


288-289 




4 


•138-139 
143-144 


145-150 




163-167 


289, 291 




5 < 


139, 143 


149 




168-170 


292 




6 


139 


149 . 




168-170 




* 


7 


144-145 


150 




171-173 


290 




8 ~ 


146 


151 




171-173 


290-291 




9 41 


^48 


152-153 




173-174 


• 




o 

10 


147 


152 


• 


T73 , 


292 




11 


147-143 


152 




173 


292 




12 


150 


155 




167 ' 






13 


149-150 


154-155 
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Unit V 



V—l Given the functional value , determine other functional 
values by applying the Pythagorean identities. 



1. Given cos x ="J^Xin the second quadrant, find sin x by using 

2 

sin 2 x + cos 2 x = 1. 

2. Given tan x = — in the third quadrant, find sec x by using 
tan 2 x + 1 = sec 2 x. • ■ 

3. ' Given esc x = - ^2 in the fourth quadratht, find cot x by using 

1 + cot 2 X = CSC 2 x. 

41 

4. Given sec x = — in the first quadrant, find tan x by using 
tan 2 x + 1 = sec 2 x. 



V- 2 Prove identities using the reciprocal, 
quotient, and Pythagorean identities. 



Prove each of . the following identities; 



1. .(1 + sec x) (sec x - 1) = sin x ' sec x 



COS X • CSC X 



- tan x + sin x 

— r = tan x 

1 + cos x 



3. esc x + cot x 



sin x 
1 - cos x 



A. tan x - sift x 
tan x«sin x 



tan x ♦ sin x 
tan x + sin x 
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Unit V 



V-3 Show the •derivation for the formula cos'fc* ~/3) or cos G*-t*2>), 



Show the derivation for: 



1. cos 58 cos <x cos/# + sin <^ sin^ 

2. cos (<*+/£) - cos.;*. cqs/0 - sin-^ sin/0 



V-4 Apply the sum and difference formulas to prove identities 



.Proye each of the f ollowing, identities : 

* > x cotcA c otS - 1 
1. cot,(«+^9J = cQt ^ + cot ^ 



2, sec - 



sec <z*. sec 



4* 



1 - tai^ tan^ 



3. 



4. 



tan (-y - x) 



cos 

cos C^-/2>) 



= cot x 



1 - tangA tan/^ 
1 + tan ^ tan/^ 



* 
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4* 



— : ■ ■ 1 

V-5 . tpply the sum and uifference formulas to determine the 
- functional value of a given angle. 



X. Evaluate cos ^85° using the cos (c* formula. Leave your result 
in- simplest radical form. y result 



2.- Evaluate sin 255° using the sin C*-^ formula. Leave your result 
- in simplest radical form. result 



3. Evaluate tan (-195°) using the tan (<*+/9) formula. Leave your result 
in simplest radical form. 



4, Evaluate tan (15°) using the tan fc*-^) formula. Le ave your result 
in simplest radical form. 
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Unit V 



V-6 Given functional values of two angles, evaluate sum and 
< difference formulas. 

„v. / 



3 5 • 

1. £ A and £B are in the first quadrant, and cos A = — , cos B = — • 
Eind cos (A + B) . 



4 8 
2. Cos A = ~ and / A is in second quadrant; sin B = — and Z B is in 

first quadrant, Find sin (A - B) . 



7 . 0 3 

3. /A and Z B are in the first quadrant, and cos A = sin B = — • 
Find tan (A + B). 



5 -4 

4. / A and / B are in the third quadrant and cos a = " and cos g = 
Find tan (A - B) • 



9 
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Unit V 



\ 



( . 

V-7 .Prove the double angle formulas for sin 2x, cos 2x, and tan 2;<. 



Prove each of the following identities j 

1. sin 2x = 2 sin x <?os x 

2. cos 2x = cos^x - sin 2 x 



/ x. o 2 tan x . 

3. / tan 2x = r — 7— 

7 1 - tan^x 



7-8 Prove the half angle formulas for sin ^ x, cos j x,-(^n£rfc^n ~ x. 



Prove the following: 



1. sin 



2. cos 



cos x) 



(1 + cos x) 



3. tan t: x 



sin x 



2 1 + cos x 
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Vt-9 Prove identities using double and/or half angle formulas. 



Prove the following: 

1. cos 3x = 4 cos 3 x - 3 cos x 



2. 



1 + cos 2x 
sin 2x 



= cot x 



^ sec^x 

sec 2x s t— 

2 - sec^x 



1 , /2 + 2 cos x 
esc j x s ± — 



sin x 




V-10 Apply the^6^{eand half angle formulas to determine 
the functional value of a given angle. 



1. Use the half angle formula to evaluate sin 75°. Leave result 
in simplest radical form* 

2. Use the half angle formula to evaluate tan 112 j°. Leave result 
in simplest radical form. 



27T 



3. Use the double angle formula to evaluate tan — 



5tt 



4. -Use the double angle formula to evaluate cos -r: 



9 
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Unit V Trigonometric Identities 



V-ll Given the functional value of an angle, 
evaluate double and half angle formulas. 



3 . 3tt 

1. If cos x = find sm 2x if it < x < — • 

4 x , m it 

2. If sm x = — , find tan — if — <x < tt; 

d ^ « 

' 7' x 3tt 

3. If sin x = *~r, find sin - if — <2tt. 



3 x . 3tt 

4. If tan x a find cos y*if tt < x < — 



X 



V-12 Verify identities using the sum-to-product and/or 
product-to-sum formulas. 



sin x - sin y _ . M / X "Y \ 

1. Prove = tan [ — - — I 

cos 6 x + cos 4y 

2. Prove — ; — ^ : — z — 35 cot X • 

sin 6 x- sm 4y 

sinx + sin 2x+sin3x 
3 - Prove cosx + cos2y + cos 3x = tan 2 



a Prove : sin — — ~ = tan x « 

4. rrove. cos (2 x-y) + .cosy 
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V-13 Apply the sum-to-product and product-to-sum formulas 
to convert from one form to another, evaluating where 
applicable*. * % ' ' ' * 



1. Find the exact value of sin 75° + sin 15° by using the sum-to-pro'duct 
formula* . . ; < 

J" " 

2. Find the exact value of cos 165° - cos 75° by using the sijpi-to-product 
formula. 



3. Find the exact value of cos 45° • sin, 15° by using the product-to-sum 
formula. 

x 

4. Find tjie exact value of sin 225° • sin/l5° by using the product-to-sum 
formula. '.' 
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ANSWERS , 

V-l . • 

. ' . . .. ' ", ' 

0 ** 

2. -2/3 * 

I II. <» 

3 - 

. - ' \ 

3. -1 

4 "40 ' 
9 

V-2 

!• (1 + sec x) (sec x = sec x - 1 + sec 2 x - sec x 



}\ 




sec 2 x ~ 


1 




tan x 2 






sin x • 


sin 


X 


cos x • 


cos 


X 


sin x • 


sec 


X 


cos x • 


CSC 


X 


sin x +. 


sin 


X 


cos X 






1 + cos 


X 




sin x + 


sin 


X 







COS X 






1 + 


COS X 






- - , sin 

as ■ 


X {1 f COS 


x) 




COX 


X (1^+ COS 


x) 
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V-2 



3., esc x + *cot x 



1 cos, x 



sin x sin x 



a 



1 + cos x 
sin x 



1 - cos x 



1 - cos x 



sin 2 x 



sin x tl - cos x) 
sin x 



1 - cos x 



4. 



tan x r sin x 
tan x sin x 



tan x «■ sin x 
tan x sin x 



tan 2 x - sin 2 x 



tan x + sin x 
tan x + sin x 



tan x sin x (tan x + sin x) 



- sin** 

COS^X ■ 



sin x o sin x (tan x + sin x) 
cos x 

sin 2 x si** 2 * cos2 x « cos x 
cos z x " \ sin z x 



tan.x .sin x 

U . ■ 

1 - COS 2 X 
COS X 



tan x + sin x 



sin 2 x m 

» COS X 



tan x sm x 



• tan x 



tan- x + sm x 



V-3 Refer to approved texts . 
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ANSWERS 
V-4 1 

4 

1. cot (a + 6) 




cos -a cos 8 - sin a sia 8 
sin a cos 8 + r cos a sin 8 

cos a cos 8 _ sii\ a sin 8 
sin a cos 8 sin' a sin 8 

r 

sin a cos 8 cos a sin 8 
sin a sin 8 sin a sin 8 

cot a cot '8-1 
cot 8 + cot a 

cot a cot 8-1 



cot a + cot 8 
* cos (a + &)* 



cos a cos 8 - sin a sin 8 
. 1 



cos a cos >8 



cos • a cos 8 # u sin a sin 8 
cos a cos 8 cos a cos 8 

sec a sec 8 



1 - tan a tan 8 



*39 . . v _ 14 
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V-4 

/3^ v 

,3tt x sin - x) 
3. tan (— - x) - ± 



at 



cos x) 
• 2 

3tt 3tt 

~2~ cos x cos — 

3tt ! 3tt ! 

cos — cos x + sin ~ sin x 



- COS X 

« cot X 

- sin x 



cos (a + 


B) 


cos 


a cos B - 


sin 


a 


sin B 


cos (a - 


B) 


cos 


a cos .B + 


sin 


a 


sin B 






cos 


a cos B 


sin 


a 


sin B 






COS 


a cos £ 


cos 


a 


cos B 






COS 


a cos B f 


sin 




.Sin B 






COS 


a cos B 


cos 


a 


cos B 






1 - 


tan a tan 


B 










1 + 


tan a tan 


B 
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x * 4- : 

_ -/l - 

4 ~~ 

3. H - 2 

4. 2-/3 
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V-6 * 
_33 



1. 



2. 



65 

77 
85 



3. -117 
44 



4. 



33 
56 



c 



V-7 Refer to approved texts 



V-8 , Refer to approved texts t 
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1 • cos 3 x - cos (x + 2rt) * 
= cos x cos 2x - sin x sin 2x 
= cos x (cos 2 x - sin 2 x) - sin x (2 sin x cos x) 
« cos 3 x - cos x sin 2 x - 2 cos x sin 2 x 
« cos 3 x - 3 cos x sin 2 x 
* cos 3 x - 3 cos x (1 - cos 2 x) 
» cos 3 x - 3 COS X + 3 COS 3 X 
« 4 cos 5 x - 3 cos x 

N : 
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ANSWERS 

j 

V-9 : ' ' 

1 + cos 2x _ 1 + cos 2 x ~ sin 2 -x 
* sin 2x * 2 sin x cos x 

I 

1 > cos 2 x - (1 - ,<?os 2 x) 
~ 2 sin x cos x 

1 + cos 2 x - (1 - cos 2 x) 
2 sin x cos x 

2 cos 2 x 



3. sec 2x = 



2 sin x cos x 

_ COS X COS X 

sin x cos x 
'= cot x 

* 

1 



cos2x ' 
1 



cos 2 x - sin 2 x 



. cos 



2 x - (1 - cos 2 x) 



: r 

2 cos z x - 1 



cos^x 



2 cos 2 x 



cos^x cos^x 



sec 2 x 



2 - sec^x 



Pre-Calculus 
Onit V 



ANSWERS 



V-9 



4. esc 



. 1 
8in 2*. 



+ /l (1 - cos x) 

J 2 

V 1 - COS X 



/2 (1 + cos x) 
V (1 - cos x) (1 + cos x) 



±/ 2 (1 + cos x) 
tl - cos 2 x - 



COS X 



sin x 



V-10 1 



\ 



2. -/2 - 1 
3. 
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ANSWERS 



i. 



-24 
25 



2. 2 



3. 



10 



V-12 



. 1. 



sin x - sin y = 2 cos" ( X * y ) sin ( X ^~ y ) 



cos x + cos y 



flt + y.\- /x-y_\ 
2 cbs~( — cos (, — r — ; 



2. 



cos 6x + cos 4x 
sin 6x - sin 4x 



A cos 5x posi x. 
2 -cos 5x" sin x 



clot x 4 



Sin x + sin 2x + sin 3x 
.! - cos x + cos ! 2x + cos 3x 



sin 3x + sin x 4- sin 2x 
cos 3x + cos x + cos 2x 



-4. 



* cos (2x - y) 4-. cos y 



2 sin 2x cos x 4- gin 2x 
jo b ™ 2 cos 2x cos x + qos 2x 

' sin 2x (2 cos x 4- 1) 
cos 2x ; (2 cos x + 1) 



sin ,(2x.- y) 4- sin y 



«= tan 2x 

2. sin x cos (x - y) 
2 cos x cos (x - y) 



- tain x 



V-X9 
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1. sin 75 + sin 15 • 2 sin — cos — 
•* 2,2 



2 sin 45* cos 30° 



,/2 . 

^2 2 

2 



^ o „ . 240° 90° 
2. cos 165 - cos 75 = -2 sin — ^— sin — 



* 



-2 sin 120° sin 45 
/3. /2 



= " 2 2 2 



2 



3. cos 45° sin 15°= j sin 60°- j sin 30° 



1 . 

2 - 2 

✓3 - 1- 



1 ' 1 
1 / 2 



* -1 ° , 1 n1 © , _ 1 .1 



- X "X - x „x A * - ^ 

4. sin 225. sin 15 = j cos-240'.+ J cos 210 =j~ - • j + J * T 

i - yj 



V-20 
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Pre-Calculus - Elementary Functions 

Unit VI 'inverse Circular Functions and Trigonometric^ Equations 



Overview 

The calculus demands as much understanding of the inverse circular functions as 
"of circular functions themselves. The* ability to manipulate, evaluate, show, 
and prove identities involving inverse cilrbular functions is thus deemed as 
important as any of the other course objectives.' Of course, solving trigono- 
metric equations using inverse concepts and notation continues to be a 
fundamental ob]ective. 

Suggestions to the Teacher > * 

In this unit,, in particular, the various approved texts show marked differences 
in approach and emphasis. For this reason it is strongly recommended that the 
cross-reference key be used in. advance to preview and select those text 
materials considered best for one's plass. 

The following texts are suggested for use with this unit: 

Advanced Mathematics . Coxford (provides a good coverage of all 

objectives including trigonometric inequalities) 

As a reference these textbooks 'are suggested: 

Algebra, Trigonometry, and Analytic Geometry » Rees (strong in Objectives 9 

and J.0) 

Trigonometry: Furictions and Applications , . Foerster (strong in 

Objectives 1-4, 10, and 
practical problems) 



Time 



8-10 days (2 weeks) 
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Pre-Calcul.us * 
Unit VI * Inverse Circular Functions and Trigonometric Equations 

PERFORMANCE OBJECTIVES 

1. Determine the domain and range for each of the inverses of the circular 
functions, 

2. Graph the inverses of the circular functions* 

3. state the domain and the range for each of the inverse circular functions. 

4. Sketch the graphs' of the inverse circular functions • 

5. Determine the set of angles that satisfies a given trigonometric expression 
containing inverse' relation notation. 

6. Determine the angle (principal value) that satisfies a given trigonometric 
expression containing inverse function notation. 

7. Evaluate trigonometric expressions containing inverse function notation. 

8. Solve equations' involving inverse circular functions. 

9. Verify identities or statements containing inverse circular functions. 

10. Solve trigonometric equations containing one or more circular function. 

Optional 

11. Solve trigonometric inequalities. 
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Unit VI - Inverse Circular Functions and Trigonometric Equations 
CROSS-REFERENCES 



Objectives 


Coxford 


Crosswhite 


Fuller; 


^Shanks 


Sorgenfrey 


Wooton 


1 


174-175 


156 




186-189 




• 


2 


175 


156 


* 


186-189 






.3 


174-176 


157 




186-189 


320-324 .. 




4 


175-177 


156 




186-189 


321-324 




5 . 


172-174 


157-158 




191-192 ■ 






6 


179 


157-158 




191-192 


321-322, 326 




7 


173-174 
178-180 


157-158 




192 


321-324*326 


8 




161 




192 






9 


178, 180 


159 




192 


327 




10 


181 

183-184 


T59-160 




193-195 


276 




11 


-185-187 


160 








9 



0 
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Pre-Calculus 
Unit VI 



VI-1 Determine the domain and range for each of the inverses 
of the circular functions. 



1. Determine the domain and range of the inverse relation x * sin y. 

2. Determine the domain and range of the inverse re2^tiqji x - cot y. 

3. Given the function f (x) « cos x^ determine: 

a) the domain of the inverse of f(x) 

b) the range of the inverse of f (x) 

t 

4. Given the function f (x) ~ esc x, determine: 
a ) the domain of the inverse of f (x) 

b) the range of the inverse of f(x) 



VI-2 Graph the inverses of the circular functions, 



1. Sketch the graph of the inverse relation of x * cos y. 



2. Sketch the graph. of the inverse relation x * tan^y. 

3. Given f (x) * sin x, sketch the graph of the inverse of f (x) 

4. Given £(x) ■ sec x, sketch the graph of the inverse of f(x) 
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Unit VI 



v *-3 State the domain and the range r^r each ot the inverse 
circular functions. 




1. State the domain and range of y = Sin*" x x 



2. State the domain and range of y .= Tan~ix. 



3. State' the domain and range for the function f (x) = Arcco8 X. 

♦ » 

4. State the domain and range for the function f (x) = Arccot x. 



VI-4 sketch the graphs of the inverse circular functions. 



1% -Sketch the graph of the function y - Sin^x; --"1 - * * 1. 

2. Sketch the graph of the function y = Cos^x B - 1 ^ ^ l, 

3. Graph the function f(x) = Arctah x. 

4. Graph the function f (x) = Arcsec x. , 



t 
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Unit VI 



VI-5 Determine the set of angles thatfBTtisfies a given 

trigonometric ejxpression contaiJBk inverse relation notation. 



t 1 
1. Determine the set of angles given by: fy: y = arcsin 

4m 



2. Determine the set of angles given by: {y: y. = arctan /3 }♦ 



3. Determine, in degrees, the angle (s) represented by:, arccos (-1) 



/ 



4. Determine, in degrees, the angle (s) represented by: arcsec 1.743, 
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Pre-Calculus 
Unit VI 



VI-6 Determine the angle (principal value) that satisfies a given 

trigonometric expression containing inverse function notation. 



1. State the angle represented by; Arccos — ♦ * 



2. State the, angle represented by 



2. Determine the principal values of the inverse circular functions given below 
a ) y = Arccos 0 
b) y = Arctan (-1) 
c'O y = Arcsin (-1) 
d) y = Arcs.ec 0 



V7 



/ 9 

Determine, to the nearest 10 minutes, the principal values of the inverse 
circular functions given below: 

a ) y = Cos-1 (.1076) 

b) y « Tan^ 1 (-.1405) 

* * 

c) y = Sec-1. (-4.945) . . 



J 
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Unit VI 



VI-7 Evaluate trigonometric expressions containing inverse function 
notation. 



^ 1. Evaluate: cos ^Arcsin ^—j. 



2. Evaluate: . sin (Arctan — ). 

12' 



3. Evaluate: cot (Arcsin U )• 



4. Evaluate: sec (Sin~l .4384). 



5. Evaluate: tan ^Arccos j - Arcsec _2_ 

/3 



VI-8 Solve equations involving invers^circulat functions* 



1. Solve for x in terms of y: 2y = 3 Sin" 1 x - 5. 



2. Solve for x in terms of y: y = 6 + 2 tan — (x - 3). 

n 5 



3. Solve for x: Arccos (2x 2 - 2x) = 



2tt. 



3tt f 
4. Solve for x: — «= tan~l (3x 2 - 4x) 



5. Solve for x: Sin" 1 x - Cos" 1 x = ^ 

2 
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Pre-Calculus 
Unit VI 



VI-9 verify identities or statements containing inverse circular functions. 



1. Show that sir 



(Arcsin x + Arcsin y) = x 7 1 - x" + Y & ~ x * ' 



2. Show that cos ^Sin"' 1 x + Cos" 1 x) - 0 



-1 . -1 x 

3-. Verify the following: Tan- — + Tan - 



7T 

4* 



2 u 12 > 

4. Verify the following: 2 Arctan — = £rctan — 



VI-10 Solve " trigonometric equations containing one or more circular 
functions. 



1. Determine all values that satisfy the equation: 3 .sec x - 11 = -5. 

2. Solve for x: cos 2x = 1 - sin x; 0 £ x < 2tt. ' 

3. Solve for x over the interval 0 £ x <' 2tt Y .2 cos 2 x - cds x = 1. 

> * 

4. Determine the value (3) of x .to the nearest. 10 1 ;.over the int^ryai 
0° < x < "360°: 2 tan x + sec x = 1. - 

... vi-9 ' • 154 . - 
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VI-11 solve .the trigonometric inequalities. 



1. Determine the solution set of the following: {x : 2 sin x - 1 Z 0; 
0 £ x < 2irh 



2: 



Determine the solution set of the following: 
{x : 2 sin 2 x - cos x-l*0;0*x< 2tt}. 
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VI-1 



1. 


Domain: 


{x 




-1 £ x * 1} 




Range : 


(v 


• 


v e reals) 


2. 


Domain: 


{x" 




x e reals} 




Range: 


(y 




y ^ k « tt} (k e integers) 


3. 


Domain: 


{x 




-1 < x < 1} 




Ranae: 


(v 




y e reals} 


4. 


Range: 


{y 




y ^ ic • tt} (ice integers) 




Domain: 


{x 




x > 1} {x : x < -1} 
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VI-3 



1, Domain: 
Range: 

2. Domain: 
Range :. 



(x : -1 ^ < 1} 
{x : x e reals} 

(y . "f <y<f> 



3. Domain: {x': -1^x11} 

Range: {y : 0 £ y £ tr} 

4.. Domain: {x : x e. reals} 

Ranae : [y : 0 <• j < y } 
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Pre-Calculus 
Unit VI \ 

ANSWERS 
VI-4 

1. Refer to any approved text 

2. Refer to any approved text 
3» Refer to any approved text 
4. Refer to any approved text 

> 

VI-5 

1. {f + 2 k tt; 1|I + 2 k tt} 



2. {j+.k *} 



3. {(2 *•+ 1) i80°} 

4. {55° + 2 k tt; 305° + 2 k ir} 

VI-6 ' - 

1 - 
i * 6 



2. 



3. a j 



-TT 

C 2 

d undefined 



4. a 83° 50' 



b -8° 00' 



-101° 40' 
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ANSWERS 
VI-7 



3. QI 



4. 1.113 
5 

5 * 3 
VI-8 

. . /2y + 5\ 

1. x = sin (-^ — ) 



2. x = 3 + I tan-1 @-ZJ- 



3. x = 2 

4. x-=f,l 



5. x = 1 



1 



VI-9 



L. sin (Arcsin x + Arcsin y) 

= sin (Arcsin x) cos (Arcsin y) + cos (Arpsin x) sin (Arcsin y) 

* x • /l - y z + /l - x* • y 

= x /l - y z + y /l - x* v 
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ANSWERS 
VI-9 
2. 



cos (Sin^x + Cos * x) 



- costSin"" 1 *) costCos" 1 *) - sin (Sin-]*) sin,(Cos 1 x) 
» A - x*^ • x - x t /l - x z 



1 i 1 ! , 

3. tan j + tan J * -4" 

-1 1 -1 1 tt 

tan (Tan j + Tan y) = t^n (— ) 



3 2 



= i 



1 - i • I 

3 2 



5 

6- 



= 1 



5 
6 



4. 2 Arctan 



= 1 



Arctan — 

9 



2 12 
tan (2 Arctan j) = tan (Arctan -y) 



-If)' 



12_ 
5 



4 

3 

5 
9 



12 
5 
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ANSWERS 
VI-10 



1. tj + 2 K v t ~ +2k ,r> 



2- <0.J> 



f . 2ir 4ir-> 
3. {0, — » -j"} 



4. - {0°, 233° 10'} 



V-ll 



i. {« , f s x « a > 



2. tx : j £ x < — } 



/ 



/ 
/ 
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Pre-Calculus - Elementary Functions 

Unit VII Applications of Trigonometric Functions 



Overview 

Determining the solutions to triangles is the emphasis of this unit. 
Trigonometric functions are first applied to solving right triangles and 
are the** employed in the development of the Laws of Sines/Cosines to 
include oblique triangles. Formulas fbr the areas of triangles, sectors/ 
and segments are also presented. 

Suggestions to the Teacher * 

A great deal of computational time may be saved if the use of calculators 
is permitted; therefore. Objectives 2 and 3 are optional^ depending on the 
availability of calculators. 

The students should b£ required to derive the taw of Sines and the Law of 
Cosines. When solving oblique triangles, it is advisable for the students 
to draw a sketch with the given conditions. Even though the Law of Tangents 
is only briefly mentioned in some of the textbooks, it does provide an 
additional method for solving triangles, with or without logarithms. Later 
the laws may be incorporated in formulating the equations for determining \ 
the area of a triangle. (Only one version of the area formulas is given 
in Objective 13). The presentation of Hero's formula at this .time may be 
the student's first exposure but the concept is not difficult to understand. 

A review from Geometry on determining ar^as of segments, and sectors may £r,ecede 
the discussion of these areas in this unit. 

Suggested timer 10 ddys 
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PrerCalculus 

Unit VII Applications of Trigonometric Functions 
PERFORMANCE OBJECTIVES 

1. Apply a trigonometric function tjp determine a side and/or ah angle of a 
right triangle. 

2. . Use a log-trig * table to determine the logarithm of the functional , value 

of a given angle. (optional) 

3. Use a log-trig table to determine the measure of an angle, given the 
logarithm of the functional value of an' angle, (optional) 

4. Solve verbal problems involving right triangles. (optional: computation 
with logarithms) 

5. Show a -derivation of the Law of Sines. 

6. Given two angles and a side of an oblique triangle, (A.A.S. or A.S.A), 
apply the Law of Sines to determine the pissing side opposite one of 
the given angles. 

7. Determine the number of solutions in an oblique triangle, given two sides 
and an angle opposite one of them (the ambiguous case) ♦ 

8. Given two sides and an angle opposite one of them (S.S.A.) in an oblique 

. triangle, apply the^Law of Sines .to determine the acute (or obtuse) angle 
opposite the other side (the ambiguous case), 

9. Show a derivation of the Law of Cosines. 

4 10. 'Given two sides and the included angle (S.A.S.) of an oblique triangle, 
apply the Law of Cosines to determine "the third side . 

11. Given three sides of an oblique triangle (S.S.S.), apply the Law of 
Cosines to determine a specified angle. 

12. Given two sides and the included angle (S.A.S.) of an oblique triangle, 
apply the Law of .Tangents to determine the other two angles, (optional) 

13. Apply the formula K = ^ab SinC to determine the ar^a of an oblique triangle. 



14. Apply the formula A = /s(s - a) (s - b) (s - c) to determine the area of 
an oblique triangle. (s = -semi -perimeter) 

15. Apply. the formula A = ^£ 2 9 . {0 expressed in radians) to determine the area 
of a sector. 

16. Apply the formula A = jr 2 (0- sin 0) (0 expressed in radians) to determine 
the area of a segment, (optional) % » 
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Unit VII - Applications of Trigonometric Functions 
CROSS-REFERENCES 



Objectives 


Coxford 


Crosswhite 


rui ler 


1 

onanKS 
> 


oorgenT-r 


woo tun 

4 — - — 


i 




1 "71 1 "7 A \ 

172-174 \ 




1 00- 1 00 






2 


• 

• 












3 






• 

** 






1 


4 




1 /O- 1 /H 




l 0/ 1 






5 


i oo- r o/ 


1 / 0 




139 1 
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Pre-Calculus 
Unit vri 



VII-1 Apply a trigonometric function 'to determine a side 
and/or an a/igle of a ri-ght triangle. 



1. Given fight triangle ABC with right angle at C/ if m / A = 20° and 
' ^ b 5.0, then a = _ 

a)^ 13.8 b) 1.8 c) 1.7 3) 4.7 e) none of these 

2. Given right triangle ABC with, right angle at C, if c = 15.6 and v " 

c f> = 6.8, detemineSitV B. ^ 
a) 66° 24' b)64° 5' c) 25° 51'* d) 23° 36' e) none of these 

; , / 

3. The angle of elevation of the top of a building when viewed from the street 
( is 65°. * Th'e* distance of the observer to the building is 80 m. What)is the 

height of the building? . 



a) 171 m b) 72.5 m ^ c) 3^3 m d) 33.8 m e) none of these 
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Pre-Calculus 
Unit VII 



VII-2 Use a log-trig t^able to determine the logarithm of the 
functional value of a given' angle. 



1. If m Z A ■ 18° 20 1 , determin^log sin A. 



2. Determine log cos 37° 13V 



3. Determine log tan 64° 46'. 



VII-3 Use a log-trig table to determine the measure of an angle, 
given the logarithm of"" the functional value of an angl§. 



1. '* If log cos A = 9; 9260-10/ determine' m Z A - ♦ 

2. If log sec A = 0.5259, determine m Z A. 

3. If log cot A = 9 ,4200-10 determine m Z A to the nearest minute. 

# 

4 



r 
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Pre-Calculus 
Unit VII 



Vir-4 Solve verbal problems involving- right triangles, 
(optional; computation withi&ogarithms) 



1. A 25-foot ladder leans against a house with the foot of the ladder 6.4 feet 
from the^side of the house. What angj.e does the ladder .m^ke with the ground? 
' Determine your answer to the nearest degree. ' 



An airplane flies on a' compass heading of 140° 32* at 625 mph. How far south 
and how far east of the starting- point is the pl^ne aftear 2 hours? Determine 
your answers to the nearest' tenth of a mile. - * % 



An observer in a lighthouse' 40 m above the surface of the ocean measures an 

angle of depression at 0° 54* to a distant shifft How many kilometers is 

the ship from the base of the lighthouse? Determine your answer to the 

to 

nearest hundredth of ; a kilometer. . 



H-5 Show a derivation of the Law of Sines. 



1. Derive the Law of Sines. 



2. Show a derivation of the Law of Sines. 



ERLC 
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Pre-Calculus * 1 

Unit VII 



VII-6 Given two angles and a side of an oblique triangle. (A.A.S. or 
A.S.A.), apply the Law of Sines to determine the missing side 
opposite one of the given angles. 



1. - In AABC, m / B = 62° 0 f , m £ C « 42 0 0^ and b = 16.0, 
. to ttte nearest tenth of a unit. 



Determine c and' a 



2. In AABC, a =? 1?.0, m £ B = 58° O 1 ^ and m £ C = 26° 0' 
nearest tenth of a unit*. 



Determine c to the 



3. Suppose th^t you -are a pilot of a commercial* airliner. You find it 

i 

necessary to £etour around a group of thunderstorms. You turn at .an 
angle of 18° to your original path, fly- for a while, turn,- 'and intercept 
• your original path at an. angle of 32% 75 kilometers from where you left* 
it; How much further did ydu h$ve,to go because of the detour? Give the 
"answer correct to. two significant digits. ' » 
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Unit VII 



VII-7 Determine the number of solutions' in £n oblique triangle, 
•given two sidefs* and an angle .opposite one of them (the 
ambiguous case) • 



1. In AABC, m /,b » 68°, b = 13.l/and a = 6.6. 



2\ In AABC, m / B = 26° 40', b = 60.42 /a nd a - 82.44. 



3. In AABC, m/B=32° 10', b = 8.64 / arid a = 17.4, 



VII-8 Given two sides arid an angle opposite one of them (S.S.A.) 
in an oblique triangle, apply the Law of Sines to determine 
.the acute (or obtuse) angle opposite the other side (the 
ambiguous case). ^ * 



1. In' AABC m Z B = 52° 40' , b = 1.42 and a = 0.554. Determine m £ A to 
the nearest 10 minutes. 

j ■ ■ • . . 

2. • In AABC m Z B - 37° 50 1 , b = 13,8, and a = 22.3. Determine m Z A to 

the nearest 10 minutes. 



3. In AABC m ZB = 28° 34', b = 1464, and a = 3142. Determine m Z A to- the" 
nearest minute. 
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Unit VII 



VII-9 Show a derivation of the Law of Cosines.^ 



1. Derive the Law of Cosines, 



2. Show a derivation of the Law of Cosines, 



VII-10 Given two sides and the included angle (S.A.S.) of an 

oblique triangle, apply the Law of Cosines to determine 
the third side. 



1. In AABG/ if b = 5.6, "c - 7.4, and m / A = 48°, determine the third side 
of the triangle to the nearest tenth. 



2: In A SAT/, if s = 12.5, t = 24.3;and in Z A = 72° 40" j determine the thir<* 
side of the triangle to ±he newest tenth. ' 



3. In AKOA ; m/0 = 132 ' -24'-, k = 18.74, and a 
of the triangle to 4* significant "digits. 



= 4.213. Determine the third'side 
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Unit VII 



7^ 



Vlljll Given .three sides of an oblique triangle (S.S.S,), apply the 
.4 Law of Cosines to determine a specified angle. 



4r 

1. In A ZAP, z = 5.2, a = 7.6, and p = 8.4. Determine 



2. In APET, p = 34.7, e =.25.4, and t = 21.3. ' Determine m / P to the nearest 
10 minutes. 



if* 

3. In AMAG, m = 81.23, a = 61..23, and g = 46.64. Determine m L A to fc ^ e nearest 
minut6. 



VII-12 Given two sides arid the included angle' (S.A.S.) of an oblique 
triangle, apply the Law of Tangents to determine -the- other 
two angles . • „ 

— : ; ■ 



1. In A<3MC, g * l2,.m'Z M * 42°, and c = 22. Determine the other two angles to 
the nearest half degree using the Law of Tangents. 

# » 

2. In AMAC m •» 52.8,' m / A = 120° 40* , and c = 15.2. Determine the other two 
angles to the nearest 10 minutes using the Lav? of Tangents. 
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* . ■ - * 




- 


• 




.F*e-Calsulus ; ? 
Unit VII 






* 






VII-13 Apply the. formula K= -| ab sin' C to determine the area of 
an oblique triangle. ■ ■ 

* * 


> 4 


V 

* 


♦ 

* 




I. 


Determine the area ~AABC if~ b ~ 38, c « 46, and m / A = 68° to 
2 significant ^digits. 








t * 


2. 


Determine the area of AGAF if a? 46.8, f = 30.4, and m / G = 100° 
to 3 significant digits. 

I'J 


10 1 






• 


3. 

< 


, 4 

Determine the area of an equilateral triangle whose side is 31.7 to 
3 significant digits. ^ 

V 












VII-14 Apply the formula A = /s(s-a) (s-b) (s-c) to determine the 










* 

area of an oblique triangle, (s =• semi -perimeter) 

o 










1. 


i ' 

Determine the area of AABC given a = 11, b = 14, and c = 17. 

* 




> 






2. 


Determine the area of ATRW given t = 15.3, r = 22.5, and w = 26.4 to , 
3 significant digits. 


< 




• 

ERJ.C 


3. 


A surveyor measures the three sides of a triangular field and gets 134, , 
168,. and 242 meters. What is the area of the field to' 3 .significant 
digits?-' ' 

+ ■" VII-11 




* 



Pre-Calcijlus 
Unit VII 



VII-15 Apply the formula A = — r z G (6 expressed in radians) to 
determine the area of a sector. 



1. Determine the area of a sector of a circle with radius 12— and central 
angle of Leave answer in terms of ir. 



2. Determine the area of a sector of a circle with radius 7,20 and central 
angle of 75°. Use ir = 3.14. . 



3* A radar antenna turns through a horizontal angle of 80° . If its range 
is 36.0 km, what area can it sweep? Use ir = 3.14. 



VII-16 Apply the formula A = ^r 2 (9 - sin 9) (9 expressed in 
radians) to determine *the area of a secjment. 



1. Determine area of a segment of a circle with radius 7— and central 



angle of t* Leave the answer in terms of ir. 

o * 



2. Determine the area 'Inclosed by a circle of radius 6 and a regular 
inscribed hexagon. Leave the answer in terms of and radicals. 
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Pr^-Calculus- 
Unit VII ' 
, ANSWERS 
VII-1 

— — — — • • 

1. B 

2. C - 

3. A 

VII-2 ' » ' 

1. 9.4977-10 

2. 9:9011-10 

3. .3267 
VI I- 3 

1. 32° 30' . \ 

2. 72° 40' ... . 

3. 75° 16' . . • ' 

VII-4 . . 

-. ••• • 

1. 75° 10' * 

'2. 794*5 mi. east 

965 mi. south * < 

3* 2.55 km / ' 

VII-5 

See an approved text for an appropriate answer, 
VII-6 

1. c » 12.1, a * 17.6 

2. c =* 5.3 

3. ' 7.1 km ' ^ 

V ' 
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Pre-Calculus 
Unit VI J 
ANSWERS 

VII-7 

- t • * 

1. 1 solution 

2. 2 solutions 

3. No solution 
VII-8 

1. m l_ A = 18 0 „ 00' 

2. m l_ A = 82° 20' or m / A = 97° 40' 

3. No solution: sin / A =» 1.02626 
VII^ 

See an approved text for an appropriate answer, 

yii-io 

1. a = 5.5 

2. a = 23.8 

3. o'^ 21.80 

VII-11 

1. - m /• P = 80° 

2. m / P = 95° 30' - 

3. m/A = 48° 28' 
VII-12 

1. m / G = 31. 5°, b/C = 106.5° 

2. m 2 M - 47° 10', m / C = 12° 10' 
VPI-13 

1. 810 

2. 700 

3. 435 -I ty^ 

* 0 VII-14 



Pre-Calculus 
Unit VII 
Answers 

VI 1-14 . 



1. 76.7 sq. units 

2. 171.8 sq. units 

3. 10800 



VII-15 



625 
1. 64 



2. 33.9 sq. units 

3. 904 km 2 



yii-16 

i; §(tr-3) 



'2. 



6 it - 9/3 
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Pre-Calculus - Elementary Functions 
Unit VIII Complex Numbers 



Overview 

This unit is a continuation of the student's knowledge of complex numbers/ as 
well as an introduction to the trigonometric (or poiar) form of a complex 
number. Material covered in this unit will* a^so reinforce skills previously 
learned, such as using tables to determine the trigonometric functional value 
of an angle and the relationship between the trigonometric functional value of 
an angle (0) and its opposite angle (-0). 

Suggestions to the Teacher 

It is expected that a student is able to add, subtract, multiply, and divide 
complex numbers in rectangular form. However, it may be necessary to review 
these skills. The objectives used the term "trigonometric" form of a complex 
number. The word "polar" form can be used -'interchangeably with the wchsd— 
"trigonometric." The r cis 0 notation may be used for r(cos 0 + sin 0), 

After the completion of this unit, a student should realize that the 
trigonometric, form of a complex number offers not only, another approach 
to computing with complex numbers bUt perhaps a simpler approach to the 
solution of a problem. This can he illustrated by relating skills and - * 
concepts previously taught such as the solution of a polynomial equation 
of the form x n = k (Unit II) and the development of identities- for cos 3 0 
or sin 3 0 (Unit V) . 

Suggested Time 

3 days 
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Pre-Calculus 

Unit VIII Complex Numbers 
PERFORMANCE OBJECTIVES 

1. Explain how the complex number x + yi can be written in trigonometric form. 

2. Plot complex numbers on the complex planp, given the numbers in rectangular 
or trigonometric form. 

3. Convert complex numbers from the rectangular form to the trigonometric form 
and vice versa. 

4. Use the trigonometric form of complex numbers to determine a product. 

5. Use the trigonometric form of complex numbers to determine a quotient. 

6. Apply DeMoivre's Theorem to determine a power of a complex number. 

7* Apply DeMoivdT' s Theorem to determine the roots of a complex number. 

.8. Apply DeMoivrj's Theorem to determine all the roots of an equation in 
, the form x ■ k , k is a' constant. 



s 
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Unit VI Ii - Complex Numbers 



CROSS-REFERENCES 
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176-177 






4 


is^^tt^ 


187-189 




177-178, 






5 
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192-196 


189-193 


» ♦ 


,178'-180 






- > 


192-196 . , 


189-193-^ 




178-180 

I - 
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•192-196 
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/ 
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Pre-Calculus 
Unit VIII 



VIII-1 Explain how the complex number x_ t yi can be written- 
in trigonometric form. ' > 



1. 




, 7- 



The complex number x + yi is represented by the point P. Explain how 
you show that this number can be written in the form r(cos 0 + i,sin 9). 

2. The trigonometric form of a complex number is r(cos 0 + i sin 0). Explain 
how the ^pomplex number x + yi can be writtqn in this trigonometric form. 



3. Explain how the complex number x + yi caft be written in its trigonometric 



form. 



4. The trigonometric form of the complex number x + yi is 



Verify that a complex number can be written in these two forms. 



J 



\ 
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T*e-Calculus 
Unit VIII 



, VIII-2 Plot complex numbers on the complex plane,, given 
the numbers in rectangular pr trigonometric form. 



Plot and label each of the indicated sets of complex numbers pn the complex plane. 



a) 3 - 4i 

b) 5 (cos 30° + i sin 30°) 
c > 4 (cos ~ tt + i sin — tt) 
d) 8(cos 2.2 + i sin 2.2) 



e) 



-5 + 4 i 



4 
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b)) -6+ji 




3(cos 4.1 + i sin 4.1) 



c) 6(cos 330° + i sin^330°) 

5 [cos (-310°) - i sin (.-310°)] 



2 2 



a J 5 - 8i " 
b) 6.5 (cos 4.3 + i sin 4.3) • • 
•c) 5 [cos (-30°) * i sin(-30°)] 

d) 4 cos 530° + 4i sin 530° * 

e) 4 + 141 
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unit viii 



VIII- 3 ^Convert complex numbers, from the rectangular 
form to the trigonometric form and vice versa. 



Express each of the fallowing sets of complex numbers in its equivalent form 
(use tables, wher^llecessary) . 



1. a ) 
b) 
cj 
d) 

2. a) 
b) 
c) 



Rectangular 
1 - i 



3 + 4i 



-3 vT- 3i 
2 - 3i 



Trigonometric 



2 (cos 2 70° + i sin 270°) 

15 (cos — tt) 
6 



'7 ' 7 

5 (cos — 77 + i sin — 77) 



6[ (cos (-214°) + i sih(-214 0 )] 




91 A . . 91 

COS — 77 + 1 Sin — fc 77 

4 4 
2[cos(5*8294) + i sin(5.8294)] 

* 4 
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• Pre-Calculus 
Unit VIII . 



VIII-4 Use the trigonometric form of complex 
numbers to determine a product^ 



# / 

1. Let z '= 3(cos- 80° + i sin 80°) and z = 4(cos 40° + i sin 40°). 
Determine z . z and express the product in trigpnometric form. 



2. Determine the product of 

3 * 3 .7 7 

[8 (cos — tt + i sin — tt) ] • [2 (cos — tt + i sin — tt) ] 

and leave the answer in trigonometric form- 
• * 

3. Evaluate: [2 (cos j + i sin j) ] • [3 (cos |- tt + i sin j tt) ] 



Leave the answer in trigonometric form. 



4. <Let z x = 2 (cos 45° + i sin 45.°); z 2 = cos (-35°) 4 i sin (-35°); and 
Z 3 = f (COS 152 ° + 1 Sin 152 ° )- 

Determine z # z # z and express the answer in trigonometric form. 
j. j 1 
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Unit VIII 



VIII-5 Use the trigononfetri'c form of complex 
numbers to determine a quotient. 

C — : — 



1. Determine the quotient of 



4 (cos 145° + i sin 145°) 
8(cos 32° . + i sin 32*) # 



Leave the answer in trigonometric form. 



2. Let z = 12[cos(-10°) + i sin(-10°)] and z = 4[cos(56°) + i sin(56°)]. 

Zi * 

Evaluate _^ and leave the answer in trigonometric form. 

3< If 2 1 = 6 (cos 42° + i^sin 42°) and • z 2 =* 24 (cos 193° + i sin 193°), . 
then z^ = v * Leave the answer in .trigonometric form. 

^ * ' 4. 8 (cos' 38° + i sin 38°) . * ♦ , ♦ ~ 

4. Evaluate — — t^t : — : — rr-J. i»eave the answer -in trigonometric form 

,.4 (cos 42°^ - i sin 42 Q ; ° 



is 
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Unit VIII 



VIII-6 Apply DeMoivre's Theorem to detentdne 
a pbwer of a co'mplex number. 



1. Let z ~2(cos 15° + i sin 15°). Determine 2' . 

2. Determine z 10 if z = cos (.4567) + i sin(.4567). , 

0 

3. Determine z 20 if z = 1 -/3 i. Leave the answer in x + yi form. 

, * 

/ 6i \ 5 

4. Apply DeMoivre's Theorem to determine ( — ~l • 

• \/2 + i 



Leave • answer in trigonometric form. 
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Pre-Calculus 
Unit' VIII 

. VIII-7 Apply DeMoivre's Theorem to determine 

the roots of a complex number. - 

1. ^Siing DeMoivre's Theorem, find the three cube roots -of 8. 

2. Apply DeMoivre's Theorem to determine the five fifth roots of 1 
Express the answers in the trigonometric form. 

3. Find all the cube toots of -64 i. Express the answers in both the 
trigonometric and rectangular form. 

4. If z = 2 (cos 10° + sin 10°) is one of the sixth roots of a complex 
number, determine the other five roots of this complex -number. 
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Pre-Calculus 
Unit VIII 

VIII-8 Apply DeMoivre's Theorem to determine all the 
roots of an equation in the form x = kj k is 
a constant* 



1. Apply DeMoivre's Theorem to determine all the roots of x° = -27. 

Leave the answers in rectangular fomu 

2. Apply DeMoivre's Theorem to determine all the roots if x 5 - i - 0. 
Leave the answers in trigonometric form. 

3. Use DeMoivre's Theorem to determine the two roots of x 2 + /3 - i = 0. 

4. " Solve for all roots of z 3 = (1 + i) 2 . (HINT: Apply DeMoivre's Theorem 
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ANSWERS 



VIII-1 



Refer to textbooks for acceptable answers". 



VIII-2 
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Pre-Calculus 



Unit VIII 

ANSWERS 

s 

VIII33 

1. a) »^2[cos(-45°) + i sin (-45°)] 



b) -2 i 



c) 



-15 



• 4, 



d) 5[cos(Arc tan -) + 1 sin (Arctan -)1 or 5 (cos 53°' 10* + i sin 53° 10 1 ). 

3 J , . 

, 1. 

% 5^2 5/2 i f 
2. a) j- - — • 



b) 6(cos 310° + i sin 210°) 

-3 V 



c ) /lT[cos (Arc tan j) + i sin (Arc tan j) ] or 

/l3~[cos (-56° 20') + i sin (r56"-20')] ' 
d ) -4.9740 + 3.3552' i 
3," a) 12 [cos (-60°) + i sin (-60°)] 

b) 2/T(cos 206° 34' + i sin 206° 34') 

• - , W2 . ' 

c ) — + — 1 
'.22 

d) 1.7.976 - .8767 i 
VII 1-4 

— ■ — — I 

/ t 

1. 12 (cos 120° + i sin 120°) 
2* 16 (cos ^ * + i sin ~4 

3. 6 (cos — tt + i sin — tt) 

12 lz 



erJc 



'4. 3 (cos 162° + i sin 162°) 
VIII-5 

1. \{cos 113° + i sin 3,13°) • 

r 

2. 3[cos(-66°) + i sin^(-66°)] 

3. "4(cbs 151° + i sin 151°) 

4. 12 (cos 80° + i sin 80°) 



VII3;f-13 
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Pre-Calculus 
Unit VIII 



ANSWERS t 



VIII-6 V. 

1. . 128 (cos 105° + i sin 105°.) 

2. "cos (4.567) + i sin (4*567) 

3. ~-2 19 (l + /3 i) 

4. 243 (cos 225° + i sin 225°^ 

VIII-7 



1. 2(cos 0" + i sin 0°) or 2 

> 2 (cos 120°^+ i sin 120°) -or -1 + i /J • 
2 (cos 240° + i sin 240°) or -1 - i i/3 ' 

» * 

2. 5 i/2 &os 60° + i sin 60°) ' - 
- 5 /2 (cos 132° + i sin 132°) 

. s /2 (cos 204° + i sin 204°). 
5 /2 (cos 276° + i sin 276°) 
5 /5F (cos 348° + i sin 548°) 



7 



3. 4 (cos 90° + i sin 90°)* 



6r 4 i 



4 (cos 210° + i sin 210°) or -2/J - 2i * 
4 (cos 330° + i .sin 330°) or ( 2/3 - 2i 



4 t 2 (cos 70° + i sin 70°) 
2 (cos 130° + i sin 130°) 
2 cos 190° + x i sin 190°) 
2 (cos 250° + i sin 250°) 
2.- (cos .310° + i sin 310°) 
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Pre-Calculus 
Unit VIII ^ 



ANSWERS 
VIII-8 



1. 2 + 2 . , . V 



-3 

3 3/3 . 
2"— 1 



2. Xj 


= COS 


18° -f i sin 18° or cos 378° + i sin 18° 


x 2 


= COS 


90° + i sin 90* 


X 3 


= COS 


162° + i sin 162° 


x^ 


= COS 


234° + i sin 234° 


, X 5 


= COS 


306° + i sin 306° 



3. x = t^(cos 75°-+ i sin 75°) 
x 2 /2 (cos 255° + i sin 255°) 



3 r— I 1/-VO ■ 4. .1. ino\ «J> ' 



4. x = 73" (cos 30° + i sin -30?) 

< 1 , 

. x. = fe(cos 150° + i sin 150°) 

2 ■ 

■' , X3 ? - ^(cos 270° + i sin 270°) 
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Pre-Calculus - Elementary -Functions _ - 

Unit IX Functions On the Natural Numbers 

Overview ' 

An introduction to summations and the limit concept may be successfully 
accomplished through the jstudy of sequences and series. Since the limit 
concept is important for many ideas of Calculus , it is included in the 
material taught in a Pre-Calculus course. Mathematical induction is also , , 
presented as another method of proof. The expansion of a binomial is 
developed and applied to determine the value of a numerical expression. 

Suggestions to the Teacher ^ 

Since some of the topics in this ftnit may have been covered previously 
(refer to Unit XIII , Algebra II Course of Study ) , the background of the 
student should be carefully analyzed. If the student's background is weak, 
the presentation of sequences ahd series in an Algebra 2 textbook could be 
beneficial .to the student/ Otherwise, some of the objectives may be combined 
or even eliminated. The derivations of the formulas for the sura of finite 
.arithmetic or geometric series as well as the summation notation should be t 
stressed. 

"* A consideration of infinite sequences motivates the introduction of the limit 
concept. The presentation of the limit concept is rather informal. The use of 
calculators may assist in the* development of an intuitive understanding of 
limits, y i v s 

The discussion of sequences" and series leads naturally into the Principle of v 
Mathematical Induction, which is used to establish statements involving 
summation. Mathematical induction is not to be confused with inductive 
, arguments in science; rather it is a deductive process. The degree of 
precision in these proofs. is left to the individual teacher. 

The binomial theorem ma^Jfce presented in several ways. Combinations and 
permutations provide one way, if time allows foir the teaching of these 
Concepts. Another approach may involve Pascal's triangle. In addition, 
an algorithm for writing the entire expansion may be developed step by step 
Applications for the binomial. expansion may be seen in the evaluation of 
numerical expressions, objective 27. 

- j 

Suggested Time : 10 days m 
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Pre-Calculus 

Unit IX Functions an the Natural Numbers * < . 

PERFORMANCE OBJECTIVES j v - 1 , \ 

1. State the definitioh of a sequence, 

2. Determine the first k terms of a sequence, given the formula for the , 
nth term. 

3. Determine the formula for the nth term, of a given sequence. 

• 4. Determine the first n terms of an arithmetic sequence, given the . 
first term and the common differeri&e. 

5. % Construct the first k terms of a harmonic sequence given either the first 

n tentfe of an arithmetic sequence or the nth term of the arithmetic 
sequence. * 

6. Apply the formula a = a^+ (n - l)d to determine a specific term of a 

J n 1 - 

given arithmetic sequence * 

s 

7. Determine one or more arithmetic means between two given terms of an 
arithmetic sequence. 

8. -Given a series in^summation notation, wHte'it in expanded form. 

' t * . . i 

9. Show t^e derivation of the formula for the sum pf a finite arithmetic 

^ series. v f « 

10. Determine the sum of a finite arithmetic series^ using one or more formulas. 

11. Given the values for some of the variables f rom' the arithmetic sequence 
and series formulas, determine the value of a fleeted variable. 

12. ^Determine the first k terms of a geometric sequence, given the first 
term and the common ratio. 



13. Apply the formula a R -V 1, to determine the, specific terms of a given 
geometric sequence. 



14. Determine one o,r more geometric means between two given <terms* of a 
geometric sequence. * j 

15. Show a derivation of the/formula for the sum of a finite geometric series. 

16. Determine the s,um of a finfte geometric series using one or more formulas. 

17. Given values for some of the variables from the geometric sequence and 
series formulas, determine the value of a selected variable or variables. 
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Pre-Calculus * t 

' ( ■ • 

Unit IX* Functions on the Natural N umbers 
' 1 * 

.18. Given a set of sequences or series, classify them as being either arithmetic 
geometric, or neither. 

19. Given a series in expanded form/ write it in summation notation. 

20. Determine the sum of an infinite geometric series where |r| < 1. 

/ 

21. ' State a definition for the limit of a sequence (of partial sums). ' 

22. Determine the limit of a sequence and specify which terms of the sequence 
are contained in a given neighborhood of the limit.' 

23.. State the Principle of Mathematical Induction. 

24. Apply the Principle of Mathematical Induction to prove a given statement 
is true for all natural numbers. 

25. Apply the. binomial theorem to expand expressions of the form (a + b) . 

26. Determine the *th term in the expansion of (a + b) n . 

27. Apply the binomial theorem to approximate the value of numerical 
expressions in the form (1 + x) , where p e rational numbers. 




< * 
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Unit IX - Functions on the Natura'1 Numbers 
CROSS-REFERENCES ' \ 



Objectives 


Coxford 


Crosswhite 


Fuller 


Shanks 


* 

Sorgenfrey 


! Wooton * 


1 


21 1 


391 


- 


199 






t 


211-214 


392-393 «" 




200, 203 






3 


^212-214 


393-394 




203 • 




t 


4 

i ■ 


214 


400 




201, 203 






5 


242 


- 




200 


• 


■ 


6 


214 


. 401 




203 ' 






7 






400-401 

* 










8 




244, 247 


395-396 


i 


201, 203 


• 




9 


246 


399 


• 


£01 


• 




1 

10 




400-401 ' 




202-203 ' 






11" 


* 


401 




203 






12 


214 


403 




200, 203 






13 


214 


403 




203 


r 




14 




403 


r 






( 


15 


245 


402 




202 




1 
1 






402-405 

I 


i 


202-203 




— 4 

I 
i 



9 
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1 

Unit IX - Functions on the Natural Numbers 

i 

CROSS-REFERENCES 



i 



Objectives > 


Coxford 


Cros^ white . 


Fuller 


Shanks 


Sorgenfrey 


Woo ton 


17 




403 

* — 




203 i 


—•> — 




18 


246 






203 




— ? 




19 


246-247 


\ * 










20 • 


247 


421-422 




205-206 


r 


• 


21 


228, 243 ' 


414 


• 


205" 


•> 




22 


222-236 


411-419 




t 

\ 


1 




23 


21-22 


407 


- 


2Q7 I 
i 


9 




24 ' 


22-25 ' 


407-410 




1 

208-210 1 

J 


) 




25 


756-757 


340-342 




217-221 






26 


760 


1 




220-221 


t » 




27 









222 







9 
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Pre-Calculus 
Unit IX 




f. The definition of a sequence is 

2. State ihe definition of a sequence, 

3. Define a, sequence, «* 



~ i 

lX-2 Determine the first k terms of a sequence, 
given the formula for the nth term. 



1.. Write the first four 'terms of the sequence defined by a *= — r—r- • 

n n + l 



(-1) 



n-1 



2. Write the first five t^rms of the sequence defined by a^ = — — • (2n - 1) 

3. Write the first four terms of the sequence defined by a = sin (n * T* * 

n 



9 
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Unit IX 




Determine the simple formula for the nth terra of a sequence, given: 



1. * 1 = 3, a 2 = 5, a 3 = 7, a 4 = 9 



2 • a. = 1/ a^ = a _ = i ci* = t. ■ 
1 2 3 3 9 4 27 



3. a = 2, a . = a - 3 
1 . . n+1 n ■ 



1 



IX-4 Determine the first n terras of an arithmetic sequence, 
given the first term and the common difference. 



Write the next three terras of the arithmetic sequence, given: 

1. a = — and d = «r • 
14 2 



2. a 1 =\ a and d = -b 



3. a 1 * 2x 2 - 3x + 2 and d = 2£ 



ERIC 



IX- 7 



-> 



■ 138' 



Pre-Calculus 



Unit IX 



7 



IX-5 Construct the first k terms of a harmonic sequence, giv4n 
either ,£he' first n terms of an arithmetic sequence or the 
nth term of the arithmetic sequence. 



1. Given .the sequence 1, 4, 7, 10, write the first four terms of the 
corresponding harmonic sequence. . 

* 

2. Given the arithmetic sequence {nx}, write the fir/st four terms of the 

* •> 

corresponding sequenqe. 1 * y 



2 14 

3. Given the sequence 1, **— # . .., write ^he first four terms 

' of the corresponding harmonic sequencfe. 



IX-6 Apply the formula of a -a, +tn-l)dto determine 
. n 1 



.a specific term of a given arithmetic sequence. 



\ 



r 



1. Determine the 30th term of the arithmetic sequence 2.5, 5.5, 8.5, 11.5, ... 
0 1 

2. Determine the 50th term of ^he arithmetic sequence x 2 - 35x^ x 2 - 32x, 

X 2 " ^jdffi X , . • a. 



3. Determine the 66th term of the arithmetic sequence defined by a^ 

a = a + 1.5, 
ti+1 n , 



-8.5 and 
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t 

Onit IX 



IX-7 Determine one or more arithmetic means between two given 
terms of an arithmetic sequence. — 

< 



1. Insert two arithmetic means between -3.6 and 2.4. 

2. Insert three arithmetic means between x 2 - 4x and -x 2 - 4x. 

3. Insert three arithmetic means between ra #- 2n and 3m - 6n. 



/ 



IX-8 Given a series in summation notation, write it in expanded form. 



Write each of the following in expanded form: 



lm N (3i -% 2) 



1 = 1 



J' > ^ 



\ 



f 



3. V" 4 - i 

9 y a. x 



1 » 



i = 0 



20-J 
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IX-9 Show the derivation of the formula for the sum 
of a finite arithmetic series. 



1. Show the derivation of the formula for the sum of a finite arithmetic series 



IX-10 Determine the stim of a f init&^arithmetic series using one or 
more formulas. 



1. Determine the sum of the arithmetic series: 

v 

20 + 17.5 + 15 + 12.5 + 10 + 7.5 + 5. 



2. Determine the sum of: 
30 



* 



k ■ 1 



MO - 3k). 



3. A marble rolls down an inclined plane , traveling 0*15 m the first second. 
In each succeeding second it travels 0.24 m more than in ther preceding one. 
How far does it roll in 9 seconds? * 4 
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IX-11 Given the values for some of the variables .from the 
arithmetic sequence and series' formulas, determine 
the value of a selected variable. 



1. Determine the common difference and the eighth term of the arithmetic 
series whose first term is 10 and whose sum for eight terms is 108. 

2. Given an arithmetic series with d = 0.25, a =12.5, and a * 3.5. 

n * x 

determine n and S n . 



3. Given an arithmetic series with S 20 - -240 and a 2Q » 7 , "detefirdne 
a^ and d. 




IXAJ.2 Determine-- the first k terms of a 'geometric sequence, 
given the first term and the ^ommon ratio. 



S 



Write the first four terms of the geometric sequence, given that 
a^ « 3 arid r = 



Write the first five terms of th£ geometric sequence, given that 
» 12 and r * -.01. 



. Write the first five terms of the geometric sequence, given that 
a^landr-x. 202 

IX-11 , 



Pre-Calculus 
Uhit IX 



* n X. 

IX-13 Apply the formula a * ar to determine the, 

n ■ * 

% specific terms of a given geometric sequence. 



1, Determine the common ratio of a geometric series whose first^fcerm 



is 



36 and whose fifth term is — . 



1 4 

2. Determine a^, for the geometric series with r = — and a^ = ^r. 



3* Determine a for the ? geometric series with a 



« 16 and a, = t 



IX-14 Determine one or more geometric means between two 
given terms of a geometric sequence . 



2 3 

t 1. , Insert a geometric mean between y and — 



2. Insert two geometric means between -.01 and 10. 

3. Insert two geometric means betweefy x and x 3 . 
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IX- 15 Show a derivation of the formula for 
the sum oi a finite geometric series. 



I: 



Show a derivation of the formula for the sum of a finite geometric 



series. 



IX- 16 Determine the sum of a finite geometric series, 
using one or more formulas.. « 



3 , 4 16* 64 

1. Determine the sum of the geometric series J +1 + J + ~9 _+ 2 , 7 



2. Determine the sum of y (— ] 

k * 1 



Ivk 



) . using an appropriate formula. 



1 

3.' Determine the sum of the geometric series x 2 + x + . + 



4 , 
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IX*17 Given values for some of the t variables from the geometric 
sequence and series- f cannulas, determine the value of a 
selected variable or varic&les. ' \* 



1. Given a geometric series with 53 2, r * .2, and a^ * ,016, 



determine n and S^, 



2, ^iven a geometric series with a - 2 and - 26] determine all values 

si 



of r and a^ 



3% Given a geometric series with a - 100 and S = 300, determine r and a i; 




IX-18 ,Giyen a set of sequences or series, classify them as 
being either arithmetic, geometric, or neither. 



!• Classify each of the following sequences as A (arithmetic) , 
G (geometric) , or (neither) . 
a) 2 i -i 



b ) x, 2x, 3x, 4x, 



c; -1, 2, -4, . 



a* 1 111 
d > X' 2x"' 3x"' 4x*' 



eJ ! i i_ _L JL 
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IX-19 Given a series in/expanded form, write it in summation notation? 



1. Write the following series in 'summation notation: 

2+5+7+10+13 

2. Write the following series in summation notation: 

100 + 20 + 4 + .8 m 

3. Write the following sefries in summation notation: 

, id + >d • *! + *i 
1 ~ 2! 41 ~ 6! 8! 



IX-20 Determine the sum of an infinite geometric 
series where r| < 1. 



X 



1. Determine the sum of the following infinite geometric series s 

6 18 ^ 4 

2+ ? +-+..... . 



t 

2. Determine the sum of the following infinite geometric series: « 



CO 

I 



12.10 



-2k 



I k - 1 



3. A side of a 'square is 8 inches. The midpoints of its sides are join 
to form an inscribed Square, and this process is continued forever 
Determine the sum of all perimeters. 
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IX-21 State a definition. for- the limit of a sequence (of partial sumsi. 



1. What is a definition for the limit of a sequence? 

r ■ ■ > 

2.. Write a definition -for the limit of a sequence. 

3. Define the limit of a sequence. 



* 



IX-22 Determine the limit of a sequence and specify which terms 
of the sequence are contained in a given neighborhood of 
the limit. 



1. Given the sequence 3 1 1 , determine, the limit (L) of the sequence 

I n + 2 J , . . 

and state which, terms pf the sequence are contained inj^ 

(l - . oi , l + • oiy ♦ 



\ 

t 



2. Given the sequence j 6 ^ n j , determine the limit (L) o£ the sequence 

and state which terms of the sequence are contained in 
.1, L + .1^ . 

3. Given the sequence [ ^3^ 1 j ; determine the. limit (L) ojt the sequence 
and state which terms » of the' sequence are contained in ^3, .6> . 

4. Given the sequence ^"^q ^ determine the limit (L) of the sequence 
and state, in terms of e, which terms of the sequence are contained in 

<L -e, L + e >. 2 

2Qy • ix-i6 
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IX-23 State the Principle of ^Mathematical Induction. 



1« What is t5ie Principle of Mathematical Induction? 



2. Write the Principle of Mathematical Induction. 



3. State the Principle of Mathematical Induction. 



IX-24 Apply the Principle of Mathematical Induction to prove 
a given statement is true for ail natural numbers. 



1. Use mathematical induction to show that the statement is true for all 

• ■ ' M n(3n ~ 1) 

natural numbers: P : 1 + 4 + 7 +• . . . »+ (3n - 2) * r — # 

n * 

2. Use mathematical induction to show that the staftejnent is true for all 

natural numbers: P : 3* 1 £ 1 + 2n. 
n 

3. Use mathematical induction to show that tHe Statement is true for all 

natural numbers: P : n* + 2n 3 + n 2 is divisible by 4. 

n 

•» 

4. Use mathematical induction to show that the statement is true for all 
natural numbers: P n : tf 2n - 1 is divisible by (x + l). 



IX-17 
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IX-25 Apply the binomial theorem to expand expressions of the form (a + b) . 



» 7 

1. Write the first four terms in the expansion of (x + 2y) . 



2. Write the complete expansion of 



3. Write and simplify the first four terms of the expansion of 

4. Apply the binomial theorem and DeMoivre's Theorem to show that: 

* 

cos 3 0 3 cos 3 0 - 3 cos 0 • sin 2 0 and 

\ 

sin* 3 0 = 3 sin 0 • cos 2 0 - sin 3 0 • 

(HINT: Expand (cos 0 + i sin 0) 3 by binomial theorem and DeMOivfe's 
Theorem.). ± 



o 
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IX-26 Determine the rth term in the expansion of (a + b) n m 



1. Determine the sixth term in the expansion of (a b) !3 # 



" 7 

2. What is the fifth term in the expansion of (x^^y)* 7 

3. Determine the middle term in the expansion of t2x 2 + 3y) 8 . 



4. What is the eighth term in the expansion of (3x + y 2 ) 12 ? 
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IX-27 Apply the binomial 



ialT^heorem to 



approximate the v^lue of 



numerical expressions in the form (1 + x) , where p •€ 
rational numbers. v 



!• Find the ^lue of '(1.01) "** correct to four significant figures. 

2. Assuming the binomial tfifeorenr applies td the rational numbers, 
approximate the value of /1.04 • 



t 



3. Apply the binomial theorem to approximate /Is" tp four significant figures. 

HINT: /lJ = /16 - 1 - (16 - 1) 2 '= [16(1. - ~)}^ = 4(1 - ~\ z 
■ i • lb * Xo 

^. \ t 



r 



j 



( 



> 



' * 3. < W\ 

4. Compute an approximate value of /120 by application of the binomial tneorem- 



4 
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ANSWERS 



IX-1 



V 



See amy approved text 



IX-2 

1 * 2' 3' 4' 5 

, 1-3 5-7 
2 * 2' 2' 2' 2 

3. 1, 0,*-l, 0 

IX-3 , ^ ' " ; 4 

f \ ■ 1 

1. a ■ 2n +/1 * 1 ¥ 

n 7 * * t. 

* 

P 3 



3. a = 5 - 3n 
n 



IX-4., 



, 5 7 _ 9 

lm a 2 = 4 1 a 3 = 4' a 4 - 4 



^5 

♦ 1 



2. a 2 = -a,ya-b, ya-2b , * . ' j 

3. a ' * 2x?^ - x + 1, aL : - 2x 2 - + x, a = 2x 2 + 3x - 1 S 



IX-5 

, v i ' 1 • ' l * 1 
i _ i _ i w ,i 

'** a i * x' a 2 = 2x' a 3 " 3x' 3 4 4x 

- ,5.-5 
q 3. 1, ^ -3, J# • •• 
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ANSWERS 



IX-6- 



1. a„„ = 89.5 
30 



2. a 5Q = x 2 + 112x 



?• a 66= 89 



f 



IX-7 



1. -1,6, 0.4 



% |x 2 - 4x,Wx, ~^x 2 - 4x 



3 5 
3. - 3fl e 2m ~ 4n, -^m - 5n 



IX-8 



1. 1 + 4 + 7. + 10 + 13 + 16 

113 

2. -i + 0+ I+ J+? 



3* a^x 1 * + a,x 3 + a^x 2 + a„x + a. 
P X 2 « 3 4 



IX-^9 



See any approved text . 



( 



IX-10 



1. S ? = 87.5 



9 
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2. S,„ = -195 
30 



3. S g = 9.99 
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ANSWERS, 

IX-11 
"1. d -rV^Q ■ 1* 

O 



2. n » 37, S^ 7 - 296 



^3. a 1 = -31, 



d = 2 




IX-12 

' 3 V 3 > 3 

1. a x = 3, a 2 = -, a 3 - j, a 4 - ? 



2. .a. ■ 12, a 2 = -.12, a 3 ■ .0012, a 4 » -.000012 



3. = 1, .a. - x, a 3 = x 2 , a 4 = x 3 , a & ■ x 1 * 



IX-13 

1. r = ± j (- ji, too, if complex ratios permitted) 



2. a = 20 



T. a 5 « 4 



IX-14 



1. ± 1 



2. .1, -1 

§ 2 

3. ' x 3 , x 3 



IX-15 
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ANSWERS ■ 



IX-16 
A * 108 



2 l§i 

625 



3 . si = * 2 (1 - *"> 



IX-17 



1. n = 4 # S 3 = 2.496 



2. r = -4, a 3 = 32 or r =3 , a 3 = 18 



3. r =^>. a = 100 or r » "j/ a » 400 



1. a) G 

b) A 

C ) G 

d) N 

e) m 
IX-19 i 



5 

1. (3 k- 1) 
k ■ 1 

215 

2. y 100 (.2) k " 1 



k = 1 



) 
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ANSWERS 
^1X-19 (continued) * 



w - — , x 

3 



k » 0 



IX-20 

1. 5 

2. 12/99 

3. .64 + 32/2 

IX-21 

See any approved text . 
IX-22 

1. L - 2 and for n > 498, a R e ^1.99, 2.01^ 

1 /_ 13 _ 7 \ 

2. L = " j and for n > 20, a n e ^ 3^, 3^ 

3. L ■ ~ and for n < 4-, a R e ^.3, .6^ 

4. L - 3 and for n > ^" 10e y a e ^3 - e, 3 + e> 
1X-23 

See any approved text. 
IX-24 

The format (and tricks) for answers may vary among teachers, 
only some hints are given. 

2. Multiply each side of 3 k i 1 + 2k by 3. 

IX-25 .91 
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ANSWERS 



IX-24 {continued) 




3. (k + l) k +. 2(k + I) 3 + (k + I} 2 = (k h + 2k 3 ^ + k*±jj*& + 3k 2 + 3k + 1) 



2k + 2 

4. x - 1 can be written as 



x 2 (x - 1)* + .x (x + 1) - (x + 1) or 
x 2 (x - 1) + (x - 1) (x + 1) 



IX-25 



1. x 7 + 14x 6 y + 84x 5 y 2 + 280 xV 3 + 



12 

2. - 2x 9 y 2 + 24 xfy 1 * - 128 x 3 y 6 + 256 y 8 

16 



1Q 



8 2 2 
3„ - ^ - 120x 3 v -1 + 



3. 'x 3 - 10x 3 y" 3 + 45 *V* " 120x3 y ' 

4. a) by Binomial Theorem (cos 0 + i sin 0) 3 = cos 3 0 + 3 cos 2 0 (i sin 0) 

3 cos 0 sin 2 0 - i sin 3 0 

b) (cos 0 + i sin 0) 3 = (cos 3 0 - 3 cos 0 sin 2 0) + 
i (3 sin 0 cos 2 0 - sin 3 0) 

c) by DeMoivre's Theorem: 

(cos 0 + i sin 0) 3 = (cos 3 0 + i sin 3 0) 

d) '(cos 3 9+isin 3 0) = (cos 3 0-3 cos 0 • sin 2 0) + 

i (3 sin 0 cos 2 0 - sin 3 0) 

e) ifa + bi = x + yi, then a = x and b = y 

a cos 3 0= cos 3 0-3 cos 0 • sin 2 0 
sin 3 0=3 sin 0 • cos 2 0 - sin 3 0 
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ANSWERS 



IX-26 

1*. -1287a 8 b 5 

2. 560 xY* 

3. 90720 xV 

5 I 

4. 192456 x 5 y z 



IX-27 

1.. .9610 

2. U0198 

3. 3.8730 

4. 4.9324 
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Pre- Calculus - Analytic Geometry * 

Unit X Introductibn to Analytic Geometry' 

Overview : + • 

jr * 

«, ■» v 

This unit profits r tHe student with a review 'of several topics .discussed in 
Algebra 2 such 4s the distance formula, slope; and various forms for the 
equations of a line. In addition/ the student wijl be introduced to the 
concept of £ixgpted distance, direction angles, and parametric equatipns. 

Suggestions to the Teacher ' % 

It is recognized that several of the approved textbpoks do not emphasize (or cover 
at all) direction angles, direction cosines and parametric equations. 



Pre-Calc 



objective 



Mathematics (Shanks) is the textbook which follows the stated 
st closely. 



The objectives in XVII may be incorporated into this unit (or at the appropriate 
time during any unit), or Unit XVII may be treated as a separate unit. 

* 

Suggested Time 

8 days * * 
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Pre-Calculus • , . 

Unit X Introduction to Analytic^ Geometry 

PERFORMANCE OBJECTIVES 

Determine the coordinates of the midpoint or a line segment or a point which 
divides a segment into a given ratio. ' 

2. Define direction angles, direction cosines, and.;direction number.'. 

3. Determin^ the ditectioi? angles and direction cosines when given: 

a) 'two points 

b) a set of parametric equations 

c) . the equation written in standard or general form (Ax + By + C ~ 0) 

4. Determine a set of parametric equations of a line when given: 

a) two points which belong to the line 

b) a point on the line and the- direction cosines 

c) the general or standard equation of the line (Ax + By+ C * 0) 

5. Given a set of parametric equations" of a line, 

i < 

a) determine the slope 

b) write the equation of the line 

c) graph the line 

■ 

6. Determine if Jthree or more points are collinear in SEVERAL WAYS. 

7. Given the equation of two lines, determine if these lines are parallel, are - 
the same line, or 'intersect . If the intersection is nonempty, determine 

the coordinates of the point of intersection. 

8. Prove that forlany two perpendicular lines* (except fojr horizontal and 
vertical lines) ihe product of their' slopes is -1. 

9. Given the equations of two interfering lines, determine the acute angle' 
of intersection by applying the formulas^ 

1 + m i m 2 

10. Determine the distance from a point to, a line. 

(If you are using. a book with vector approach, use in Unit XII.) 
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Unit X - Introduction to Analytic Geometry . 
CROSS-REFERENCES 



Objectives 


Coxford 


Crosswhlte * 


FuTler 


Shanks 


Sorgenfrey 


Wooton 


1 


433-434 


35-36 


- 21-27 


307-309 




4 

307-312 


2 


429-438 


250-251 


281-284 


270-274 




14-15 
79 


3 


429-438 


« 

250-251 


281-284 


270-274 




47-52 


• 4' 


437-440 


42-45 . 


278-279 


270-274 




47-52 


5 


442-448 


42-45 ' 




272-275 




51-52 


6- 




37-39 


10 


277-279 




58-63 


7 




45-48 


51-53 * 


283-287 


63-68 


58-63 
97-109 


8 


455-459 


46-48 




— f 

284-287 ' 


65-68 


58-63 


9 


452-455 




16-21 


264-287 




31-33 


10 


457-4.59 


50-53 


53-59 


369-371 


68. 


89-97 


• 






- 






• 






- 


- 






/ 




» 


> 


/ 


• 










< 
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ERIC 



X-3 



221 



^ ||i(B- 



Pre-C*lculus 
Unit X 



i 



X-l Determine the coordinates of the midpoint of a line segment or a 
.point which divides a segment into a given ratio. 



1. Given A(0,-5) and B(-5,13), determine the coordinates of the midpoint of AB. 



2. Determine the coordinates of C such that ^ m where C is between A and B 



and A(l,-4) and B(7,8). 



3. Given Ad,-!) and B(-5,7) and that C is between A and B, determine the 

AC 1 

y/ coordinates of C such that — - — . 

4. Given A(-3, 2) and 3(4,7), if c is between A and B, determine C such that, 

AC = 1 
AB 7 * 



X-2 Define direction angles, direction cosines, and direction,- number. 



1. Define: direction angles, 

2. State the definition of direction cosines. 

3. ^pirection angles are defined as ; 



4, If the direction cosines of a line are .l^'and -3_^ then what could a set 

/to . / 10 

of direction numbers for this lihe .Be? 
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Pre-Calculus 
Unit X 



X-3 Determine the direction angles and direction cosines when given: 

a) two points \ 

b) a set of parametric equations 

c) the equation written in standard or general form. 
(Ax + By + C « 0) . * 



1 




1. Given A(4,5) arid B(l,8), determine the direction dosines and the direction 
angles, a*and 8, for this line (as you have directed it). 

2. Indicate" the direction angles 
o and 8 on the directed line, lj , and 
determine o and 8 to the nearest degree. 

3. ^Given the parametric equation of l^* 

/ x - 2- l_d 
l/lO 

y * 3- J3_ d , 
^10 

determine the direction angles, a and 8 , to the 
nearest degree for this directed line. 

4. Given the equation x + 2y /- 5 =* 0, determine a 
possible set of direction \cosines and direction 
angles, a and 8 , for thisjline. 




Pre-Calculus 
Unit X 



X-4 Determine a set of parametric equations of a line 
vheij given: 

a} two points which belong to the line 

b) a point on the 'line and the direction cosines 

c) the general or standard equation of the line 
(Ax « By + C « 0) 




1* Given l\ as directed, determine a set 

of parametric equations for this directed 
line. ^ 



2. Given A(0,-3) and B (-2, 9) , determine a set 

of parametric equations for this line, 

3. A line contains the point (7,-2) and has 
cos a * 3 and cos 3 « -4 . Determine a set 

T J 
of parametric equations for this line. 

4. Determine a set of parametric equation for the line 2x - 3y + 6 ■ 0, 
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/ Unit X 



FRir 



X-5 Given a set of parametric equations of a line, 

a) determine the slope 

b) write the equation of the line 

c) graph the line 



For each set of parametric equations, 

a) determine the slope 

b) write the equation of the line 

c) graph the line 



1. 



2 + -±- d 



3 - -1- d 



x =» -2 + -== d 
✓ 5 



1 



3 - 



_i_ d 



2 + 5 d 



4 - I d 



4. 



x ■ 4 



y - 2 + d 
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Unit X 



X-6 Determine if three or more points are collinear in SEVERAL WAYS « 



1. Using slope, prove or disprove that the points A<0 t -7), B(2,-l), and 
C(-5 f -27) are collinear, 

2, Using- the definition of betweenness, prove or disprove, that the points 
A(l f 4), b(-3,12), and &(5 9 -A) are collinear. 

3. - Show in TOO DIFFERENT ways that the points A (1,-2) , B(-3,10), .and C(6,-17) 

are collinear • 

4, Prove or disprove in TOO DIFFERENT ways, that the points A(0,-2), B(2,4), and 
C(-4 t -13) are collinear^, . , 
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X-7 Given the equation of two lines, determine if these 

lines ere parallel, are the same line, or intersect. If 
the intersection is nonempty, determine the coordinates 
• of the point of intersection. 



In each case, determine whether the two lines are parallel, are the same line, or 
intersect. If they intersect, determine the point of intersection. 



I. *i: 2x* 5y -.7 
*2: jr ."I x + 3 
5 



2. 





3. tj: y - 2 x + 7 



4. li? 




t 2 : [ x - 5 - J d 



y ■ - 8 + | d 
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Unit X 



X-8 Prove that for any two perpendicular lines (except 
for horizontal and vertical lines) the product of 
their slopes is -1. i / 



Prove: If t\ ]_ (except for horizontal and vertical lines ) y then - - 1 



(m n 2 • - 1) . 



X-9 Given the equations of two intersecting lines, determine, 
the acute angle of intersection by applying the formulas 



tan6 



m l " a 2 
1 + m^n^ 



or cos 6 ■ c • + C£ « C2 



Given the equations of the following lines, determine the acute angle of inter- 
section (to the nearest degree) . 



1. £, 



2. 1, 



12 



y ■ 4x - 5 
2x + y - 3 

3x - 4y + 7 
2x + 3y + 8 



0 
0 



3. 




x ■ 






i 2 : ( 


(r. - 


2 + J_ d 














-3 - J_ d 








/lo 


4. 


*1 t. 




2 + d 








- 3 






X- 


4 +-^r d 






m 






V 


6 +1- d 








/IT 



ERIC 



x-xo 



Pre-Calculus 
Onit X 



\ 



X-10 Determine the distance; from a point to a line . 



1. Determine the distance from (1,4) to the line x + 2y - 3 * 0. 

2. AABC is constructed\here Afb,4), B(4,-3), and C(-3,l). Determine the 
length of altitude to 'side AB. 

3. Determine the distance between the narallel lines 4x - 3y + 12 ■ 0 and 
4x - 3y - 2 » 0. / 

i . 

A. WhicE line is farther from the, origin; 

4x - 3y + 10 - 0 or 5x - y - 15 - 0? 
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Unit X 

ANSWERS 

IH1 
1. 

2. (4,2) 



<1,A> 



3. Cl,f> 

4. (-2, 12) 



J] I Refer ^"textbook 
3* \used. 

4. l:-3 (or anything 

proporti5isai57 



X-3 
1. 



cos a 



,-1 



cos 0 » — 

. IT 

a - 135° 
0 - 45° 



or 



cos a 



cos 0 " 



/2 



45° 

135l° 



2. 







1 1 1 1 risjLJ i 1 >/ 


« H- 


-H-h 






> 


: iN 

f 
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ANSWERS 



X-3 (continued) 

3. a « 108° 
8 - 162° 



cos a 



cos 6 — 

/>o - 27° 
8 - 117° 



or 



cos a 



. " 2 



cos 8 ■ — 

a - 153° 
8 - 63° 



X-4 



8 



1. fx - - 3 + — d 

/73 

Answers vary depending on the 
point chosen for the origin • 



-1 



2. (« - d 

/ST 

y - - 3 + d 

/37 



3. fx - 7 + | d 
'y - - 2- f d 



Answers may vary 



4. 




Answers may vary 



Answers vary. 
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ANSWERS 
X-5 

1. a) m = -3 

b) 3x + y - 10 e 0 
c) 



















r 




























Q 
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— i 


•o 


) 






















—r 













4 • " 
3. a) m • - j . * 

b) 4x + 3y - 20 = 0 

c) 











Hi' 


i ■ 




































3 






























r 
























































































































































-6 






)- 


























































































































































































































































































,i 






















a) m is undefined 

b) x = 4 
c) 
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ANSWERS 

X-6 

» • 

»AB " 3 V -Bq " £• <»AC " *> 

since i BgQ, the points are not collinear, 

2. AB ■ J&Q m 4/f 
BC - /320 - 8S5 
AC - ^80"« 

Since AB + AC - BC f the polnta are colliaear, 

3. Use slope or betweenness. Pointy are collinear. , 

(It is also possible to use the equation of the line through 
' two points and substitute the third point into the equation. 

,4.. This is the same as #3. Points are not .collinear, 
X-7 ' . 

1. parallel lines 

2. intersecting lines' (-3,7) 

3. intersecting lines (-1,5) 

4. same, line 

X-8 • - 

Refer to textbook used. 
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X-9 



1. 


e » 


41° 


2. 


e - 


71° 


3. 


G- « 


32° 


4. 


© « 


34° 



X-10 * 



1. 

2. 
♦3. 



6^5. - 
5 

33Y55 

65 
14 

5 



4. 5x - y 
X-15 - 



- 15 
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Unit XI v Points , Lines , and Planes in Space 
Overview J ' 

The approach to this unit will depend on teacher preference and the textbook 
used. The representation for a line in space will be new to the student. 
However, parametric equations and the symmetric form of a line, are quite 
useful- for the student. 

Suggestions to the Teacher 

The labeling of the x, y„ and z axes will depend on the textbook used. Any 
type of model will help the student visualize these points , lines", ^or planes 
befag discussed. When determining the angle of intersection Jbetween two 
lines in space, the student should be encouraged to determine if the lines 
actually intersect. The geometric interpretation of solving linear systems 
of three equations in three' unknowns might be useful fpr the student's 
understanding of When and why the intersection is a j>oint, a line, or empty • 

Suggested Time * . 

10 days. 
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Pre-Calculus , 
Unit XI Points, Lines, and JRlanes in Space 

» 

PERFORMANCE- OBJECTIVES 

1. Plot points (x t y, z) in space. 

2. .Determine the distance between two points in space. w * 

3. Determine the direction* angles and direction cosines when given: 

ametric equations 

4. Determine a representation of a line in space (parametric equation 
or .symmetric form) when given: 

a) • twd points 

b) a point and direction cosines 

c) two intersecting planes 

5. Determine several additional points which belong to a given line - 
< and. the coordinates of the points where the given line pierces the 

xy, xz, and/or yz coordinate planes. 

6. Determine if three or more points are collinear. 

7* Sketch a plane and determine the intercepts and traces, when given 
the equation of a plane written in the Ax+By+Cz+D=0 form 
(not all A, B, C = 0) . 

8. Given the equations of two intersecting planes, sketch the planes, 
^indicate the line of -intersection and determine several points which 

belong to the line of intersection. 

9. Given, the equations of three planes, determine whether the intersection of 
these planes is a point, a line, or empty. If the intersection is nonempty, 

» determine the point (s) of intersection. 

10. Determine the acute angle between two lines in space by applying: 
cose = c r . c, « : + c 2 • c 2 « + V c 3 « 

41. Determine the equation of a plane when given: 

v a) three points ' 
b) the equation of the trafc^s 1 „ 



Unit XI - Points, Lines, and Planes, in -Space 
CROSS-REFERENCES 



Objectives 


\ 

Coxforck 


Crosswbite 


Fuller 


— 

Shanks 


Sorgenfrey 


Wooton . 


1. 




242 


227-228 


314-317 




273-277 


2 


429 . 


244-245 


229-230 


* 

318 7 319 




276-277 


3 

» 


> ft ft / ft ft 

429-432 


250-251 


281-283 


320-323 




282-287 


4 


1437-440 


ft P ft ft /• ft 

258-260 


A<1A ft ft « 

278-281 


324-327 




307-311 


5 








ft ft C ft ft ^ 

325-326 




311-312 


6 










- 




7 




- — 




327-328 

OOI — OOO 




• 

00 0 


8 

' 


* 

470-473 






332 




324 


9 








332 




311, | 
318-322 i 


10 


449-454 


259^26L 


272-275 


357-360 




311-312 


n 


465-469 


262-264 


273-277 


329-332 




313-316 

i 



i 
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Pre-Calculus 



Unit XI 



XI-1 Plot points (x, y, z) in space. 



Plot and label these points on the x, y, z ax«» »s shown. 

€^ 

1. A(-l, 0, 5) 
B(5, 1, 4) 

C(l, 2, 4) , • " 

D(-2, 3, -6) 




2. A(4, 0, 3) 
B(t4, 2, 3) 
C(2, 3, 0) 

. D(5, -4, -2) 





I I 1 I I I 1 II ? 



1 



3. A(0, 4, -3) 
B(-4, -8, 2) 
C(l, -2, 5) 
D(3, 3, -2) 




+ / 
H- 
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Pre-Calculus 
Unit XI 1 

XX-2 Determine the* distance between two points in space/ 

Determine the distance between these points: 

1. A(-l, 0, 4), B(2, -1, 5) ' 

2. A(6^ -2, 3), B(0, 2, 3) 

3. M-7, -5, 4), B(-5, 1, -3) 

4. K^Tj 3, iy B(-l, 0, 4) 



XI-5 
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Unit XI. 



XI-3 Determine the direction angles and direction cosines -when given: 

a) two points ^ 

b) a set of parametric equations 



1. Given the points A(4, 0, 2)and B(3, 2, 4), determine the direction cosines 
and the direction angles to the nearest degree. 

2. Determine a set of direction cosines and direction angles (to the nearest 
degree) for the line containing (1, -3, 2) and (7, -6, 0). 

3. Given *i represented by f x = 2 d 

9 

- 3 - JL d 
9 

. z « -4 - JL d . 

9 ' 

determine the direction anqles to the nearest degree for this line. 

4. Given %i represented by/'x «■ 2 

7 = 1 - Jb d 



:erm 



z ■ 4 +i- d, 
4~2 



determine a, 8, y (to the nearest degree). 



239 

o - • , - . 

ERIC ... 



Pre-Calculus 
Unit XI 



XI-4 Determine a representation of a line in space (parametric eouation 
or symmetric forjn) when given: * ^ 

a)two points . * 
bfa point and direction cosines 
c) two intersecting planes 



1. Determine a set of parametric equations for the line containing the points 
A(-3, 0, 1) and B(l, -1, 9) . 

2. Determine a set of parametric equation for the line containing the ffcint 
(1,-5, 6) and having 



/29 



-3 
^29 



and c- 



-4 



3. A line contains -the points (-1, 3, 4) and (4, -6, 3). Draw and direct this 
- line. According to the way you directed this line, determine a^set of 

parametric equations for the line. ; v <^ 

4. Given represented by f2x + z ■ 4 

I6x - y - 4z.~ 8, , 



determine a set of parametric- Equations fox this line- 



\ 
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XI-5 Determine several additional points which belona to a qiven line 
• and the coordinates of the points where the qiven line pierces 
tl>e xy, xz, and/ or yz coordinate planes. 



1. Qiven £j represented by /x » 2 + id 



y - •! - 1 d 

3 



V? - 4 - 3 d 



determine three points on this line. 

*" ' - 

2. Determine three points on the line represented by f x 



= 2 + d 



y = -3 



2 »= 4. 



3. Determine the coordinates of the point where the line fx = 1 - 7 d 



y - 2 + - d 



z -4-- j d 



pierces the xy plane. 
4. What are the coordinates of the points where the line fx » -4 + - d 



8 
9 

4 

gd 



3 + Id 
9 



pierces the xz and xy planes. 
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Unit XI 



XI-6 Determine if three or more points are collinear. 



— — S 

Prove or disprove that the following points are collinear: 

1. (11, 3, 0), (1, 1, 2), (-4, 0, 3) 

2. (2, -1,-3), (4, 0, 5), (6, 1, 12) 

3. (0, 0, 2), (-3, 6, 4), (12, '-23, -6) 

4. (4, 0, 0, ), (3, 6, 1), (12, 0, -8) 
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E-7 jlte 



XI-7 Sketch a plane, and determine the intercepts and traces, when given 
the equation of a plane written in, the Ax + By + Cz + D * 0 forTn 
(not all A, B, C * 0) . ' * 



1. On the axes sketch the^lane whose equation 
is 3x - y + 2z - 6 = 0. 
Indicate the equations of the traces 
and the coordinates of the intercepts. 



2. Sketch 3x + 4y = 12. 



3. Sketch 5x - 4y + 5z + 20 =^0. 
Indicate the equations of the 
traces and the coordinates > 
of the intercepts. 



24v 




H-H-H 



2 






I i i r i i ' > 
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0 

XI-8 Given the equations of two intersecting planes, sketch the planes, 
indicate the line of , intersection, and determine several points 
which belong to the line of intersection. 



1. Sketch the planes whose equations are J 2x - y ♦ 2s - 10 • 0 

I 4x + y + z- 8«0. 
Show thfc line of intersection of these two planes. 

2; Sketch the planes fx + 4y - 8 

Ix + 4s « 8« 

Show the line of intersection of these two planes. 



3. After sketching the planes 



fx + y + z*4 
[2x - y - s » 8, 



Show the line of intersection and determine two points which belong to this 
line. - 



4. Sketch the planes 



P" 



- y - z = 5 
y =5. 



Show the line of intersection and determine two points which belong to 
this line. 
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Unit XI 



tfl-9^Given the equations of three, planes, determine whether the 
intersection of these planes is a point/ a line, or empty. 
If the intersection is nonempty, determine the point (s) of 
intersection. * 



In ea\:h case determine whether the intersection of these planes is a 
point, a line, or empty. If it is a point, indicate the coordinates 
of the point. If it is a line, indicate at least ttoo points on the 
line. 



1. 3x 4 2y - z » 4 
x + 3y ♦ 2z .« -1 
2x - y + 3z » 5 



2; x + y + 4z » 1 
-2x - y + z • 2 

3x - 2y + 3z ■ 5 



"3. x - y + z = 3 
3x + y + z ■ 5 
-2x - z, « -4 



4* x — 3y + z * 3 
x + 2y - z » -2 
-3x - y + z * 0 
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XI-10 Determine the acute angle between two lines in space by applying; 
cos 0 » Cj • c • + Cj • c 2 ' + c 3 • 03' , ' ' 



1. Given t\ represented by fx = 2 + j d 



-1 -Id 

3 



Id 
3 



and £2 represented by ( x » 2 



y -2 + 5 d, 

determine to the nearest degree the angle between these lines. 

2. Find the acute angle of intersection of the, lines %\ containing A(2, 3, 5} 
and B(S, -2, 2) and l 2 containing C(-2, -2, 8) and D(4, 1, 6), 

3. Pind the acute angle of intersection between the line AB and the line CD 
if A(5, 7, 3), B(-3, 3, 4), C(2, -3, 6), and D(3, -4, 1). 

4. Pind the acute angle between the li^e from the' point (4, 5, -6) to the point 
(8, 6, 2) and a line having direction numbers 2s At -4. 



f 
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Plre-Calculus 
Unit xi 



XI-11 Determine the equation of a plane .when given s 



a) three points, 

b) the elation of the traces 



{ ■ ■ ■ 

V 1. Determine the equation of the plane containing the points <3, 1, 2>, 
(4, -3, 5), * and (1, 2, -6), ' 

2. What is the eguatfbn of the plane which contains the points (2, 3, 0)^ 
(0, 4, 1), anl*X0, 0, -3). 




3» Determine the equation of the plane having x - 7y = 35, x - 5z * 35, and 



7y + 5z = -35 as its traces. 



4# Determine the equation of the plane which, contains the line ?i/* xi5 2-jd 



and the point (0, 



i 



y « -1 + j d 



z = 4 - y d 



XI-14 
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Fr*-Calcuius 
Unit XI 

ANSWERS . > 
XI-1. (/ only shown) 




++ 



1) 


xy 




2) 


AB 


- 2/l3 


3) 


AB 




4) 


AB 


* /t77* 



XI -3. 1. c x - ♦ 1 o - 109° or 71° 
3 



C- « + 2 - g m 48° or 132° 
3 



c * + — 
3 " 3 y - 4&0 or *132° 



2. C]L « + & o-31° or 14? c 



c 2 » ± 3 g » 65 o or ii5< 



,4 



c, - + 1 Y - 107° or 73° 
3 7. 



3. a « 84° 
8 » 116° 
Y * 153° 



o. 



4. o «.90 ( 



45 
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Pr«-Calculus 

< 

Unit XI 



ANSWERS 

XI-4. 1. x - -3 + £ d 
" t 



y - 0 + Id 
9 



4. x » 2 - — d 

/201 



y - 4 - — d 

'/201 . 



z - 1 + £ d 

~ 9 . 



(Answers may vary.) 



2. x » 1 + £- d 



/29 



y = -5 - — d 
/29 



2 = 6- 2- d 



\ 



2 - A 

z » — d 

/201 . 

(Answers will vary.) 



XI-5. 1. Answers will vary. 

2. Answers will vary. 

3. (7, -10, 0) 

4. (-4, 0, 3), (-28, 12, 0) 



r 




Answers will vary: 



x - -1 + — d 

/107 



y - 3 - — d 
/lbT 

2 » 4 - — d 

/10T 



XI-6. 1. collinear 



XI-16 



9 
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2. noncollinear 
3« noncollinear 
4. collinear 



i 



Pr«-Calculus 
unit XI 



ANSWERS 
XI-7 
1. 




j M 3*-ij-t-2a-6 g (7 



(0)0,3) 



(2,0)0) J 



2. 




I I ' i t — : — 



3. 




for,©) 

-M-G > 



9 
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Pre-Calculus 
Unit XI 

ANSWERS 

XI-9 
1. (2, -1, 0) 

2 ft -i m 
2 - lis' 2 ' is; 

3. " Intersection is a line. 

(1, 0, 2) : (2, -1, 0) : 
Answers will vary. 

4. i 



(3, -2, -2) 



XI-10 

Trnji 0 

2. 72° 

3*. 76° 
o 

4. 68 



XI-11 

1. 29x + 2y - 7z - 75 = 0 

2. 3x + 2y - 4z - 12 » 0 

3. x - 7y - 5z - 35 - 0 

4. 6x + 5y + 2z - 15 = 0 



XI 
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Pre-Calculus, Analytic Geometry 
Unit XII Vectors in a Plane 



Overview 

^\ This unit is an introduction to vectors and fiie operations of addition, scalar 
multiplication, and dot products. The formal structure of the unit is composed 
of definitions and a coordinate or component approach. An intuitive presentation 
of vectors is followed by geometric, physical, and coordinate-free definitions. 
Simplicity and clarity are stressed in the concepts of this unit. 

Suggestions to the Teacher j * 

Notation may cause students difficulty at the sfeart of this unit. Each approved 
textbook differs in its approach to vectors and the notation used. For. example, 
the magnitude or norm of a vector may be represented by || cl|| or |H| while 
v m 2i + 3j*may be. written a v = (— ) . Because of these differences, it wilL be 
.necessary for some of the assessment tasks to be changed to agree with the notation 
used by students. Emphasize the meaning and differences in such things as u • v 
and ru. Several of the textbooks treat vectors in a plane and vectors in space 
as one unit. If desired, Units XII and XIII may be taught as one unit. Applications, 
of vectors are included in the next unit. 

Suggested Time t ^ 

10 days ' 
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Pre-Calculus 

Unit XII Vectors in a Plane 
PERFORMANCE OBJECTIVES 

1. Define a vector in terms of arrows in the plane or a directed line segment. 

2. Given the coordinates of the initial point and terminal flint of two vector 
representations, determine if the vectors are equivalent or determine the 
coordinates of a point such that the vectors are equivalent. 

3. Given graphic representations of vectors, IT, fi^ c", ... apply the definitions 
of vector addition, vector subtraction, and scalar multiplication to determine 
the sum, difference, and/or scalar multiple of vectors.' 

4. Given the coordinates of the terminal points of position vectors, determine the 
terminal point of the vector which represents the sum. difference, and/or scalar 
multiple of these given vectors and/or write in the ai + bj^form. 

5. Determine the magnitude (norm) of a vector represented by a given set of 
ordered pairs. 

6. Given three vectors, a, b, and c, each written in terms of its horizontal and 
vertical components, express one of the vectors as a linear combination of the 
*other two vectors. 

7. Determine and apply the dot product of two non-^ero vectors. 

8. Determine whether the vectors in a given pair are parallel, perpendicular, 6r 
neither parallel nor. perpendicular. If they are neither parallel nor perpendicular, 
find the measure of the angle between them. 

9. When given specific vectors, demonstrate the properties that relate to the 
operations of addition, scalar multiplication, and dot product, 

10. Determine the vector equation of a line in a plane when given: 

a) two points 

b) the equation in the Ax + By + C = 0 form. 



XII-2 
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Unit XII - Vectors in a Plane 
CROSS-REFERENCES 



Objectives 


Coxford 


Crosswhite 


Fuller 


Shanks 


Sorgenfrey 


Wopton 


1 


412 


197-198 


.253 


295 




5-6 


2 




198-201 




292-294 




5-7 


3 


416-419 


201-205 * 


254-257 


297-300 




O 1 J| 

20-21 


4 


421 


206-208, 
220 


259-263 


299-300 




8-13. 
20-21 


5 


412,428 


211-213 


259,264 


295 




13-14 


6 


421-424 


221-225 




301-303 






7 


450-453 


226-232 




361-364 




26-30 


8 


451-455 


226-232 




363-364 




16, 
30-33 


9 


453 


240 




342 a 364 




13, 
22 A 28 


10 


437-440 


258-261 




344-346 




47-51 



255 
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Pre-Calculus 
Unit XII 



XII-1 Define a vector in terms of arrows ira the plane or a directed line 
segment. 



X. Define a vector. 

2. State the definition of a vector, 

3. A vector is a/ ? 
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Pre-Calculus 
Unit XII 



XII-2 Given the coordinates of the initial point and terminal point 
of two vector representations, determine if the vectors are 
equivalent, or determine the coordinates of a point such that 
the vectors are equivalent. 



1. Indicate by yes or no whether AB is equivalent to CD when given the 
specific coordinates for A, B, C, and D. 

A . B C D 

a) (2, 4) (4, -5) (6, 3) (8, -14) 

b) (0,. 4) (-1, 7) (8, -2) . (7, -5) 

c) (-3, 4) (2, -5) (0, 0). (5 -9) 

2. Point A is (3, -2) ancj B is (1, 3)* For the given point C, find the 
point D such that AB is ecruivalent to CD. 

a) C(-l, 5) 

b) C(5, -7) 

c) C(4, 4) / 

3. Determine the coordinates of the endpoint of the position vector, OP, 
which is equivalent to AB, given the coordinates of A and B. 

a) A(6,,2) , B(-l, 5) 

b) A(l, -3) , B(-6, -4) 

c) A(-2, 0) , B(-4, 0) _ 



XII-5 



25V 



Pre~Calculus 
Unit XII ^ 



XII-3 Given graphic representations of vectors' a, b, c, . .., apply 
the definitions of vector addition , vector subtraction, and 
scalar multiplication to determine the sum, difference, and/or 
scalar multiple of vectors. 




Given a, b, ajid c, show the representation for each of the following. 



1. a + b 



2. a +" 2c 



3. b - ± c 
2 



4. -{a + I b) + 



5. -a -(c.+ 2b) 



258 
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Pre-Calciilus 
Unit XII 



XII-4 Given the coordinates of the terminal points of position vectors, 
determine the terminal point of the vector which represents the 
sum, difference, and/or scala* multiple of these qiven vectors 
and/or write in the at + b;j form. s > 



1«. Given r * 3i + 4j and.s » -i + 5j. Determine t such that t » 2r + 3s, 



Given v»^^, u °^"j^ and 15 ^s)* Write each of the following in the 



2. 

ai + bj form. 

a) 2v + u 

b) 3 (5s - 2v) 

c) v + u - 3s 

2 



3. A vector PQ is drawn from (1, 4) to (-7, 6). Reoresent the vector in 
it}, the ai + b;j fa^m. i 

4. Let r = 3, s = -4, v ^yand u ^Qj* * Determine each of the following: 



a) r(v + u) 

b) |r + s) (v + 2u) 
e) ru + sv 
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Pre-Calculus 
Unit XII 



XII-5 Determine the magnitude (norm) of a vector represented by a 
given set of ordered pairs. 



Determine the magnitude (norm) if the position vectors are represented by the 
following ordered pairs; .a" =^ ^6 =^) Y t "(~o)* 



1. 5 



. 2. || a + b|| 
3. II t-t 



4. II 2c + 3S 



5. || -c + 2a || 



r 



o 
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Pre-Calculus 
Onit XII 



TP ~~ — : ! ' r 

XII-6 Given .three vectors, J, t, and c, each written in terms of 
its horizontal ancl vertical components , express one of the 
vectors as a linear combination of the other two vectors. 



L 



1.) Given a = 3t - 43 , S - 2t + 3]", and c .« t + lo}, determine r and s 
s^ch that a ■ rb + sc\ , , 



2. Determine rand s such that: 

5i + 6j - r(2i - 3j) + s (-6i + 4j). 



3. \ Determine r and s so that a is a linear conjbination o£ b and c where 
- a ■ t + 7$ , S - at - and c * t - 2^ 

4. * Usincj the vectors and c, express S as a litiear^comination ot a 

and c ; and express c as a linear combination of a and b. . X 

( : 
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Pre-Calculas 

* **Onit XII 




1. Find each dot 
a) v • u 



product if v u =^|j, and w * 



b) u v 

■» 

2* Find u ! v, if 0j is the direction angle of' u and 02 is the direction 
angle of v. x 

a) ||u|| » 3 ; 9i - 30°, || v|| = 4> Jdz "= 60° 

♦ * 

9i = 4 5°," | vj| =5; 0 2 = 135°- 



b) u = 7 ; 



c) ||u|| =9 ; 9i = 60°, ||v|| =3; 0 2 - 150 C 



3. A force F of 16 pounds is applied continuously at an angle pf 30° to an 
object as shown. Compute the amount of work done by the force in moving 
the object 20 feet. * 




20 ft. 

4. When a block of wood acted upon. by a force of v 48 pounds. moves 10 feet in 
' the direction of the, force, the work done* amounts to foot pounds. * 

• . ■ . • f • 



ERIC 



XII-10 

262 



Pre-Calculus 
Unit XII 



XII-8 Determine whether €he vectors in a given pair are parallel, 
: * perpendicular, or neither parallel nor perpendicular. It 

thev are. neither parallel nor perpendicular, find the measure 
of the angle between them. 



Froih eaeh pair of vectors, determine^ if the. vectors are parallel- or 
perpendicular. If they, are neither parallel nor perpendicular, determine 
•the measure of the angle between them (to the nearest degree). 



1. a 



2. *^' 4 



4/3 



3. a * 3i + 4j, b * 4t+ 3j 



4. a = 21 + 3j, b - -4i - 6j 



XII-9 When .given specific vectors, demonstrate the properties that 
relateto the operations of addition, scalar multiplication, 
and dot productY 



Given a * 



« 2, and s « -3 show that the following ' 



properties are true. 



1. a + b - b .+ a 

2.. .,(r + s)c = rc + sc 

3. r(t • £) f (rt) • £ 

4. S-S-||=i 2 



S 



263 



XII-11 



Pre-Calculus 
OnitXII 



XII-10 Determine the vectcte equation "of a line in a plane when given: 

a) two^points * ~~ 

b) the equation in the Ax + By + C = 0 fpi^n. 



1. Write a vector equation of a line containing A'(4, 1) and B(-l, 3). 

2. Determine the vector equation of a line containing (2, -3) and (4, -5) 



3. Determine a vector equation of a 'line whose rectangular equation is 
x + 2y'=* 5. 



4. Find a vector equation of a line whose reqtangular equation is 5x- 3y = 10. 



v • 



ERLC 



26$ 



XII-12 



"pre-Calculus 
Onit XII 

ANSWERS 
XII-1 

Refer to the textbook. 
XII-2 



1. 


a) 


no 






b) 


no 






c) 


yes 




2. 


a) 


(-3/ 


10) 




b) 


( 3, 


-2) 




c) 


( 2, 


9.) 


3. 


a) 


(-7, 


3) 




b 


(-7, 


-1) 




o) 


(-2, 


0) 



XII-4 

. 1. >r - it + 19? 

2. a) 6t + 11$ 

• b) • -24i + 57 j 

. c- t-2J 

3. -8t 2$ 

4. a) 2lt - 12$ 
b) -8t + 7$ 
C) -211 - 5j 



XII-3 



XII-5 
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4. b « i- a + ~ c 

3 3 

b - * a 

5 5 
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' Pre-Calculus 
Unit XII ' 

ANSWERS 

XI 1-7 

1. a) 18 
b) 18 
cj 17 

2. a) 6/T 
b) 0 

cj 0 

3. 16p^3" 

4. 480 

XII-8 

1. perpendicular 

2. 120° 

3. 16° 
.4, .parallel 

XII-9 

1. a + b = b + a 




2 



6 



4 




2. <r + s)t » rc + sc 



C 




8 



3. r(a • b} ■ (ra) 



2(18 - 4) 



2(14) 



28 



28 



f3\l/6l 




m 

32-8 
28 V 



4. c • c * 

(a- (1) 



4 + 25 
29 «. 



II C S 2 - 
(/29 ) : 



29 y . 



XII-10 



1. . r - (-1 + 5t)t + (3 - 2t)3 
Answers may vary- ; • • 

2'. r = (2 + t)t + (-3 - t)T 
Answers may vary. 

3. r - tt +15 + 3t)} 

Answers may 3/aryV 

■ • y 

4. r » (2 * 3t)t +. (5t)t 
Answers may vary.' 
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Pre-Calculus - Analytic Geometry - 
Uriit XIII , Vectors in Space 




,The structure of this unit is similar to that of Unit XII. The derivation of th 
equation of a plane is quite simple no matter whether one is using yectors or 
determining distances from a point to a line or plane. The unit deals with dot 
products and cross prcrducts and their- applications. 

Suggestions to the Teacher ^ A 

All of the ob'jjectives in !uit XII should be reviewed as they apply to vectors 
in space. ■ *" ~ 

The concepts of ^ vector, the operations of addition and scalar multiplication, 
as well as th.- uot .product "should be easy for the student to extend into .three 
dimensions Applications of the dot product and cross product should be covered 
The mef.od of introducing distance from a point to a line or plane will differ 
slickly with the textbook used. ' After the idea of normals is discussed, 
parallel or perpendicular planes are easy for the student to understand. T 

suggested Time " ' m 

10 days 



V 



A 
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Pre-Calculus 

• * 

Unit XIII Vectors in Space 



PERFORMANCE OBJECTIVES . JT^ 

1/ Determine the angle between two vectors when given: 

a) the direction cosines -of each vector . 

b) the coordinates of A, B, and. C of angle ABC 

c) the coordinates of the terminal point 6f two position vectors 

2. Determine the dot product when g^ven pairs of vectors. 

3. Determine when two vectors are perpendicular or jparallel. 

4. Determine the distance from a point to a plane. 

5^ Determine the angle between planes. - /y 

6. Determine if two planes are parallel or perpendicular. If they 
are parallel, determine the. distance between them. 

7,, Determine the cross product (vector product) when given two vectors. 

Optional 

8. Determine the equation of a plane when given: 

a) a unit normal, and a point in the plane 

b) a unit normal and the "distance of the plane from the origin 

c) three points ' 

9. Apply cross product (vector product) to practical applications related 
to areas, moment pf force, etc, ? 
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Unit XIII - Vectors Ih Space, 
CROSS-REFERENCES 



Objectives 


Coxford 

* 


Cross white 

s 


Fuller 


Shanks 


Sorg'enfrey 


i 

Woo ton 


1 


449-454 


223-251 


272 


■ 357-359 




31-32 1 
287-292 | 


2 


450 r 453 


227-232 


267-268 


361-364 - 


- 


r 

26-29 .! 

! 


o 

o < 


60-61, 

426-4.28,451 


• 

227, 257 




363-365 




'16, 20-21 ! 
"26-27 i 
282, 289 : 


*t 


A "f f\ /111 

470-473 


262-266 


275-276 


«Tr oil 

375-377 




i 

i on oo i ^ 

330-331 


5 


A7r\> /!70 


« 

cod-dob 


d/o 


070 077 


• 


i 


u 




9E7 

to/ 




077 




i 
i 

Tin J 

O IU) O 1 D | 

1 


i 7 
# 


HO 1 -HOO 


C 0 J"CJJ 




07Q.0Qn 




1 

294 » 

c 

• 1 


8 


465-468 


262-26'? 


273-274 


384-386 




1 

313-318 


Q 








384-386 


• \ 


i 

297 -i 

i 

i 














i 

v - J 






















< 






7 i 

l 






t 








i 
i 

i ! 














* 
I 

1 
1 














i 
i 

i 
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Pre-Cal cuius 
Unit .XIII 



XIII-1 Determine the angle between two vectors 
when given: 

, a) the directi6n cosines of each vector-. 

b) the coordinates of A, B, C of arigle ABG. 

c) the coordinates of the terminal point £ 
two position vectors 



1. The direction cosines of a are | f "|; and~| and the direction cosines of t 



are and J. Determine, to the nearest degree, the angle between t and t. 



9' 9 



2. Jind, to the nearest degree, the angle between t - 3t + aJ - 5k and 

+ + + 

b - 2i + j - k. ; 1 ' 

3. Find, to the nfear^st degree, the angle between 2i - 2j + k arid 

t * 16i + 8j - 2k; \ / 

4. Determine the measure of angle A in AABC if A(0,A,5) , .B(-l,2,-4) , and C(4,0,9) 



9 
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Pre-Calculus . 
Unit XIII 



XIII-2 Determine the dot product when given pairs of vectors. 



1, If ! » 8t + J + 3k" and t - i + 2j + 4k, find a-b- 



2. If a - and t - ^§ ^ , find a-S- 



3. If a" - 't + 2j + 3k, b - j - 3k, and c - - 2i - j + 4k, find a-(b + £) 



4. Determine £•£ if t - t and > - -2? + Sc. 
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Fre-Calculua 
Holt XIII 



JCtII-3 Determine when two" vectors are perpendicular 
or parallel; 



1. Determine if the following pairs of vectors are perpendicular or parallel. 

a) - t - i - 3j + 5k. . 

+ •+ + + 
t m 4i - 2j - 2k 



b) a - it - 53* + 6k 

-»--»>-»> ■+ 
b - i -5J + 3k 
2 

-►->>->.->. 

c) a - 3i - j + 4k 

+ + ■•> 
b - i + 2j + 5k 

4 



2. Determine the value of x, y, or z so that the. second vector is perpendicular 

to the first vector. 

+ -+■ + ■*> . 

a)- a - 31 - 6j - 2k, b - 4i - 2j + zk 

■ b) a - 4i + 2j + 3k, b - xi + 3j - 4k 

c) a - i - 7j + 6k, b- -.71 - yj + 5k 

3. If a « it - 4j - 2k, £ « 2i - j + k, and c - i - j - 3k ( which pairs, if any, 
are perpendicular? 

4. If the vector at + 2 J + k is perpendicular to the vector) 5i.- aj + 7k, deter- 
mine the value" of a. 



272 



XIII-6 



fre-Calculus 
Unit XIII 



XIII-4 Determine the distance from a point to a plane. 



Find the distance between the given plane and the given, pdint . 

1. tf- 2y + 2t - 3 - 0, (1,1,1) 

2. 8x - y + 4x + 18 - 0, (-2,0,4) 

3. 6x - 2y - 3x + 2 » 0, (-1,4,1) 

4. 3x - 5x -1 - 0, (3,7,2) 



XIII-5 Determine the angle between planes. 



Determine the acute angle of intersection between the given planes. 

1. x-2y + 2x-9-0 and x + 2y - 2x - 1 - 0 

2. 2x + 2y+x + 5- 0 and 5x + 4y - 3x - 2 » 0 

3. 2x - y - x + 8 ■ 0 , and x + 2y + x - 4 ■ 0 

4. x + 2y + 3x - 6 - 0 and 2x + 5y - 4x - 10 - 0 
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Pre-Calculua 
Unit XIII 



XIli-6 Determine if two planes are parallel or 
perpendicular. If they are parallel ,~ 
determine the distance between them* 



Determine which planes are parallel or perpendicular. If they are parallel, 
determine the distance between «thenu 



t 



1. 4x - 2y + 8z - 11 « 0 and 6x - 3y + 12x + 13 - 0 

2. 3x - y + 2z - 6 and 6x + 4y - 7z + 2 - 0 

3. x + 2y + 3z - 6 ■ 0 and 2x + 5y - kz - 10 - 0 

4. 9x - 6y + 2z - 11 « 0 and 18x - 12y + Az - 55 - 0 



XIII- 



— = — =■ — 

-7 Datetaiine the cross product (vector product! 
wh 5n gWen two vectors . > , , 



.1. Let * ■ it + 3j - k and b ■ i - 2j + k. Determine a X b. 



2. If £ - 1 + 5j + 8k and v ■ 3i + 2j + 4k, determine the cross product t X 



3. Let t « i + 5j + 8k, v - 3i + 2j + 4k, and s ■ - i + 2j + 6k. * 

a) Verify t X v - - (v x t) . 

b) Verify £ X <$ + *)-(£ X *) + (£ X s) . 

c) Verify £ X <2v) - (2t) X v - 2 (t X V) . 

4^ Determine a vector perpendicular to each of the vectors 2? + J + 5k" 
and t - 3j - t. 
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Fre-Calculus 

Unit XIII 



XI 1 1 -8 Deteraine the equation of a plane when given: 

a) a unit normal and a point in the plane* ^ 

b) a unit normal and the distance of the plane 
from the origin < ' 

c) three points ' 




1. 

2.' 

3* 



Determine the equation of the plane containing the points A(l,3,,-2), .B(2,0,l), 
and C(0,-3,4). 




Determine ^Bv^Ba«on of a pltae through the point (-4,2,-5) and perpendicular 
to a - J + 3j"+ 2k* ; 

Find an equation for the plane that contains (1,-3,2) and is, perpendicular to 
the planes with equations x + 2y + 3z » 4 and 3x - 4y - 4z ■ 2. 



4. Find the. equation of the pjane vhdch. contains (4,6,2) and has a unit normal* of 

/ 
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XIII-9 Apply cross product (vector product) %o 
. practical applications related to areas / 
moment of force, etc. * * 



1. Using crc^s products, determine the area of AABC if A(2,-3,3rl), B(0 t l,-2), and 
C(l,2,3), 



2, The volume of a tetrahedron can be expressed in terms of cross products as 



{t X £)• c 



Using this formula^determine the volume of the tetrahedron 



determined by origin and the points with position vectors a » 2i - 3j - k, 
b - i J - 2k, and c - i + 2j + 3k, 



' 3. If u » it +2$ + k and v - i - j + 2k, find u X v and verify that it is 
perpendicular to both u and v, % 



4, Using the formula: 
JL 











i 




t x t 1 




n 


• 


t 


sin 8 



(if and £ are the normal vectors to the plane) ; determine to the nearest degree 
the acute angle between x + y + 2z ■ 7 and x-2y-z*4. ^ 



' L 
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ANSWERS 

XIII-1 

1. 59° 

Z. 30° 

3. 75° 

4. 120° 

XIII-2 

1. 18 

2. -9 
3-. 1 
4. -2- 



nn-3 




1. a. 
b. 
e. 


perpendicular 

parallel 

perpendicular 


2. a. 


s « 12 


b. 


*-§ 


c. 


y . =2Z ~ 

7 7 


3. tl 


c 


4. a - 


-7 
3 


XIH-4 




>••! 





...J 



2. 2 



4. 



XIII-5' 



XIII-6 



59. 



.1. parallel, 6/2T 

2 . perpendicular 

3. perpendicular 

4. parallel, | 



XIII-7 

1. 1 - 3j - 7k 

2. 41 + 20j -. 13k ' 

3. verify 

4* tit +- 7j - 7K 

• ^ 4 

V * 

* ( ' / ; 

xiii-8 * . : . • 

1. y + z - i 

2. " x + 3y + 2z + 8 - 0 

3. 4x + 13y - lOz + 55 ' 

4. 3x - y + 4z - 14 - 0 

XIII-9 

i. w 

2 



3., 5 i - 3j - 4k 
4/ .60° ' 



ft 



1. 39° 

2. 45° 

3. ' 60° 

4. 90° 



•xin-ii 



277 



* 1 



Pre-Calculus - Analytic Geometry 

* 

Unit XIV - Conic Sections \ 
Overview c < 1 

The study of second degree equations is expanded to include the conic sections - 
with centers at ttieoj^igin and (h,k) . Degenerate conies are also presented at; 
this time. In ^tfition, translation and rotation of axes are considered in terms 
of the conic sections. 

r 

Suggestions to the Teacher 

The objectives in this unit allow the teacher some flexibility in planning class 
discussions. The development of the standard equation for each conic section 
may be approached either by using the definition of the conic section or by 
introducing eccentricity, e. Since eccentricity is a new concept,, the teacher 
may choose to develop the equations by using this method. Objectives 8 and 12 
may be considered together as one objective? however, the degenerate cases are 
allowed in both objectives. Translations and rotations of axes are also performed 
with the conic sections. - 

■ o 

Suggested Time 

17 days , . " 



4 * 




Pre-Calculus * . . ' " 

Unit XIV Conic Sections 
PERFORMANCE OBJECTIVES 

1. Determine the equation of a circle when given certain conditions. 

# 2. Show the development of the standard equation of a parabola,* either with 
center (0,0) or center (h,k). 

3. Determine the equation of a parabola from the information ^iyen. 

4. Shqv the development of the standard equation of an ellipse, either with 
center (0,0) or center (h,k). 

5. Determine- the equation of an ellipse from the information given. 

6. Show the development of the standard equation of a hyperbola, either with 
center (0,0) or center (i>,k). \ 

7. Determine the equation of a hyperbola from the information given. 

8. Given the equation of a conic' section in the general form 

Ax 2 + Cy 2 + Dx + Ey 4 F « 0, 

a) write the equation in standard form 

b) identify the conic, including the degenerate case, 

c) determine the eccentricity * ' 

d) discuss its properties,. which may include its center, foci, radius, 
Vertices, axis of symmetry , directrices, asymptotes, ^jpaj or and minor 
axes, transverse and conjugate axes 

, e) graph the conic 

9. .Determine the point(s) of intersection, if any, of two conic sections. 

10. Determine the new coordinates of a given point if the origin is moved by 
translation. 

11. Determine the equation of a conic section by translating the origin to the 
point (h,k). Sketch its 'graph;. 



* 



12. ^Giv^n the equation of a conic section in the general form' 

Ax2 + Bxy + Cy 2 + Dx + Ey =0, ~ 
identify the conic, including the degenerate* case. 

13. Determine t^^ngle of rotation necessary to remove the xy-term in the . 
general^ equation Ax2 + .BxyVc y 2 + Dx + Ey +\F = 0. Assume that the conic 

- section is not the degenerate cas6. - * 

14* Remove the xy-teirm from 4n .equatiot^ of a conic section by a rotatipn of axes 
Sketch- the grapKof the conic, .shewing both sets of axes. . k : 

|5. Solve, verbal problems involving conic sections. 

XtV-2 ■ , ■ 
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XIV- 1 . Determine the equation, of a circle when given 
certain conditions • 



1. Determine the equation of a circle with center (-2, -J.) and radius 4. 

2. Determine the equation of a circle Vith center (2, t) and radius /5 • 

3 # Determine the equation of the- circleVith center on the line 2x + 3y - 3 
and its tangent to both axes. 

4. A circle has its center at the point (-2, -5) and is tangent to the line 
x + 2y ■ 8. Determine the equation for that circle. 

5. Determine the equation for the circle that passes through the points 
(-5, 3), (-2, 2)^nd (-10, -2). 



XIV-2 Show the development of the standard equation of a 
parabola, either with center (0,0) or center (h,k)« 



1. Using the figure at the right, show. 

how the equation x 2 - 4py is developed^ 




2. Show the development of the equation (y - k) 2 -4p (x - h) 

» ' ■ ' ■ : * < ' ■ 

3* Use the definition of eccentricity to, explain how the* equation y 2 *- 4 px 
is developed, ' * , * 

* * ■ ' . S . \ 

4. Use the definition of eccentricity to show how the equation 

(x-h) 2 ■ 4p (y - k) is 4evelope<V. 
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XIV-3 Determine the equation of a parabola from 

the information given ♦ 



l/ Determine the equation of the parabola with vertex (-2, 1) and focus (-2, 4)% 



2. Determine the equation for a parabola with f dcus (-1, -2) and directrix x 

3. Using the points given in the figure to the right, 1 
determine the equation for the parabola, 4 



- 7« 




4. A parabola has its axis of symmetry parallel to the x-axis; If the parabola 
passes through the points (2, -4), (8, 2\ and (26, 8), determine the equation. 
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XIV-4 Show the development of the standard 
equation of an ellipse* either with 
%l center (0,0) or center (h,k). 



1. Show the development of .the equation for an ellipse: -jj + gj— 

2. Using the figure at the right, show how 



the equation 
is developed. 



(x-h) 2 4- (y-k) 2 - 1 



3. Use the definition of eccentricity to explain how the equation 
, 2 - 



X* + y* - 1 

~b2 "a? 

is developed. 



1 



4. Use the definition of eccentricity to show how the equation 
(x-h) 2 + (y-k) 2 • - 1 
is developed. 
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JSJV-5 Determine the equation of an ellipse frpm 0 the 
information - given . 



1. Determine the equation for an ellipse with foci (+ 3,0) and e « 

2. Determine the equation. of the ellipse shown at the right. 




3, Determine the equation of an ellipse with its minor axis parallel to the 
y-axis and 10'units long, eccentricity 2/3, and center (2,3). 

* 

4. If the length of the major axis is 10 units and the foci are (-2, 6) 
and (-2,-2), determine the equation for the ellipse. 
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I 



XIV-6 Show the development of the standard equation ci a 
hyperbola > either with center (0,0) or center (h,k), 



1. .Use the figure at the right to show 

x 2 - y~ 



the development of the equation x 2 - y 2 « 1 




2. Show the development of the equation (x - h) 2 - (y - k) 2 1. . 

~iZ ^ b2 



3. . Use the definition of eccentricity to explain how the equation 
y2 - x 2 - 1 

is developed. » 



4., Use the definition of eccentricity to show how the equation (y ~ k) 2 
' is developed. a2 - 
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Xiy-7 Determine the equation *of a hyperbola from the 

information given* 



1— Determine the equation of the hyperbola with vertices (-l,-3\ and (-1, 5) which 
passes through the point (-3,-5). . * - - 

2. If a hyperbola has foci (-6,-3) and (4,-3) and a vertex at t (3,-3)\ what ' 

is its equation? * * 



3* A hyperbola has the transverse axis parallel to the y-axis, ind 4 units 
long. If the center is (1,-2) and -the eccentricity is 2, determine the 4 
equation for the hyperbola. 



4* Determine the equation of the hyperbola with center (-3,2), a vertex at 
(!,£)' and an asymptote y * x + 5.- f 
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XIV-8 Given the equation pf a conic section in the 



general form ' 



Ax 2 + Cy 2 + Dx + Ey + F » 0, 



a) write the equation in standard form 

b\ identify the conic, including the degenerate case 

c) determine the eccentricity * 

d) discuss its properties, which may include its center, 
foci, radius, vertices, axis of symmetry, directrices, 
asymptotes, - major and minor axes* transverse and 
conjugate axes N * * , . 

e) ' graph the conic 



Por each of the following problems, 



a) write the equation in standard form 

b) identify the conic, including the 
degenerate case 

c) determine the eccentricity 

d) discuss its properties, which may include 
its center, foci, radius, vertices, axis 

" of symmetry, dinectrices, asymptotes, 
major and minor axes, transverse and 
conjugate axes 

e) graph the conic < 



1. 9x 2 + 4V? - 36x + 48y + 144 » 0 




9 




\ 



a 
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XIV-9 • Determine the point (s) of intersection, if any, 



of two conic sections* 



1. Determine the points of intersection, if any, of : 

x 2 + 2y 2 - 4 and x 2 + 3y 2 - 2x - 0; 

2. betermine the points of intersection, if any, of 

9x 2 + 12y2 - 108 and *2 . iz(y +. 3): 

3. Oetertnine the points of intersection, if c any, of 

. x 2 + y2'_ 4 X 1 ,2y + 1 « 0 and x* + Ay2 - Ax + 8y * -A 

A. Determine the points of intersection, if any, of 

4x 2 » yZ _ 24x + 4y + 48 - 0 and x - y 2 + 4y - 8 - .0. 
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XIV- 10 Determine the new coordinates of a- given point 
if the origin is moved by translation. 



I. After translation of the origin to 0 f , a point has, in the x f y '-coordinate 
system, the coordinates (3,-6). What are the xy-coordinates of that point 
if 0 f is (-1,5)7 

,2. A point P has coordinates (-2,3). The origin is translated to the/point 
O'Oj-S). What are the x'y '-coordinates of the point P? n 

3. A point* P has coordinates (-5,4). The origin is translated to the point 0 f 
If the coordinates of P in the x.'y 1 -coordinate system are. (-1,7), what -are 
th^ xy-coordinates of 0 1 ? 

< 

A. After translation' of the origin, to' 0' , a point has, in the', x'y' -coordinate 
system, the coordinates (8,-6). What are the xy-coordinates of that point 
if 0' is (-1,-2)? 

i ; 



— — — : — ~ ; — i 

XIV- 11 Determine the equation of a conic section by trans- 
lating the origin to the point (h,k). Sketch its graph. 



2 1 I 
a. xi.auoi.ui-m uii^ ^ M u a uj^» j % - 6y + 5 ■ 4x to the x y coordinate system by trans- 
lating the origin to the point^f^3). Sketch its graph. ^ 

2. Transform the equation x* + 2y2 - 4x + 16y »°2 to the x'y 'coordinate system 
by translating the origin to the point (2,-4). Sketch its fcraph. 

3. Transform the equation 9x 2 4y 2 - 18x + 8y + 4 « 0 to the x'y! coordinate 
system by translating the origin to the point (1,1). Sketch its graph., 

4. Transform the equation x2 + y2 ~ 4x + 2y - 20 » D to the x'y 1 coordinate , 
system by translating the origin to the point (2,1). Sketch its graph. 
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XIV- 12 Given the equation of a conic section in the 

• general form Ax 2 . + Bxy + Cy2 + Dx + Ey + F«0, 
identify the conic, including the degenerate case. 



1. - Identify the graph of the equation 4x 2 - 5xy + \0y 2 - 16. 

2. Identify the graph of the equation x 2 - 2xy + y 2 '- 8x + 5 - 0 . 

* 

3. Identify the graph of the equation 3x 2 - 5xy - 2y 2 + 5x + 4y - 2 « 0 

4. Identify the graph of the equation 4x 2 + y 2 - 8x + 6y + 13 - 0 . • 



5. Identify the graph of the equation 3x 2 - lOxy + 3y 2 - 12 . 



XIV-13 Determine the angle of rotation necessary to 

rempve the xy-term in the general equation § , 

Ax 2 + Bxy + Gy 2 + Dx + Ey + F » 0. Assume that 
the conic section is not the degenerate case. 



ERIC 



1. Determine the angle of rotation necessary 'to remove the xy-term from 
the equation \ « 

. 5x2 - 2xy + 5y 2 - 24 « 0 . 

2. Determine the angle of rotation nepj^ary to remove the xy-term. from 
the equation 

-7x2 ^ I2xy + 2y 2 + 10 - 0 . 

3. Determine the angle of rotation necessary to remove the xy-term from the 

equation * . ~ 

2x 2 + /Sky + y. - 4 . * 

r 

4. Determine the angle of the rotation necessary to remove the xy-term from 
the equatiop 



7x 2 + 4xy + 4y 2 + 6x.+ 12y - 9 - 0 ♦ 

XIV-13 
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XIV- 14^ Remove the xy-terra from an equation of a conic 

section by a rotation of axes; Sketch the graph 
of the conic, shoving both sets of axes. 



1. Remove the xy-term from the equation xy ■ 8 by a rotation of axes. Sketch 
(he graph, shoving both sets of axes. r , ' } 

^ * I 

2. Remove the xy-term from the equation 2x 2 + /5xy + y 2 ■ 5 by a rotation of 
axes. Sketch (he graph, shoving both sets of axes. ♦ % 

3. Remove the xy-term from the equation 5x* - 2xy + 5y* - 24 » 0 by a rotation 
of axes. Sketch the graph, shoving both sets of axes. 



XIV- 15 Solve verbal problems involving conic sections. 



1. A parabolic steel arch is 100 meters high and has its axis vertical and its 
feet 200 meters apart. Hov much is the focus aboVe or belov the ground? 



2. The floor of a building has an elliptical shape, 30J) meters long and 200 meters 
vide. A vhisper near one focus can be clearly heard near the other focus. 

Hov far apart are the foci? 

3. The cross-section of a 'headlight reflector is a parabola. If the reflector 
is 12 inches vide and 9 inches deep; hov far is it from the vertex to the 
focus of this parabola. 



4 # A rectangular lot is surrounded by a valkvay that is uniform in vidth and is 
5 feet vide. If the area o£ the valkvay is 780 square feet and the area of 
the lot is 960 square feet, vhat are the dimensions of the lot? ; 
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ANSWERS 

XIV^l • • , f 

1. (x + 2)2 + (y + 1)2 . 16 

2. (x - 2) 2 + (y - *) 2 - 3 

3. (x + 3) 2 + (y - 3) 3 - 9 

4. (x + 2)2 + (y + 5) 2 - 80 

5. (x + S) 2 + (y + 2) 2 - 25 

XIV-2 

See one of the approved textbooks. 
XIV-3 

1. (x +2)2-12 (y - 1) 

2. (y + 2)2 --16 (x - 3) 

3. (Cx + 5)2,- -(y - 1) 

4. (y + 4) 2 - 6 (x - 2) 

XIV-4 



XIV-6 

1. x£+ vf_- 1. 
36 27 



2. (x -.3) 2 + (y - IV 2 ■ 1 
~4 ; 25 ■ 

3. (x - 2) 2 + (y - 3) 2 - 1 
~~45 25 

4. (xJ-2) 2 + (y - 2)2 -■ 1 

9 25 



XIV-7 



See one of the approved textbooks. 



XIV-5 



See one of the approved textbooks. 



i. (z^lH: - mxjljo: 

16 16 



2. (2L + 11 2 - - <Z-±J)1 ' 1 

16 -9 

3. (y+gl 2 - ( x - l) 2 - 1 

4 12 

4. (x + 3> 2 - (y - 2)2 - 16 

XIV-8 / 

1. a) (x 2)2 + (y + 6) 2 - 1 
* 9 

b) ellipse 

c) Jj[ 

3 

d) center (2,-6) 
vertices (4 ,-6),(0 ,-6) 

„ ■ (2,-3),(2,-9 i ) 
foci (2.-6+/T) 
major axis 6 units 
minor axis 4 units 



A 
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c) See graph. 



292 



Pre-Calculus 
/ 
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ANSWERS 

XIV-8 (continued) 



2 ,' 



3. 



4* 



a) x 2 - (y + 3) 2 - 0 ** 

b) twq lines y ■ x - 3 

y - x - 3 

c) - 

d) - 

c) See graph. 

a) (y - 4) z « -2«x + D 

b) parabola 

c) 1 

d) vertfcx (-1,4) 
focus (*-3,4) ^ 

axis of symmetry y • 4 
directrix x. ■ * h 

e) See graph. 

a) (7 - 3) 2 - (x + 3) 2 „ j_ 

16 ■ 16 

b) hyperbola 

c) /2 

d) center (-3,3) 
vertices (-3,-1) ,(-3,7) 
foci (-3,1*4^2) 
asymptotes y a x + 6 

y - - x 
transverse axis.- 8 units 
' conjugate axis 8 units 

a) See graph. 
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ANSWERS 
XIV-9 



1. (2,0) 

2. (0,-3) _ 
.3. 

A . none 



XIV- 10 



1. (2,-1) 

2.. (-5,8) 

3. (-4,-3) 

4, (7,-8) 



XIV- 11 



1. (y') 2 ■ 4x' jwhere 
x»»x + l,3j^«y-3 

2. (x') 2 + 2(y') 2 = 38 where 
x» ■ x - 2, y' - y + 4 

3. 9(x«) 2 - 4(y') 2 - 1 where 

x' ■ x - i,V » y - i 

4. (x') 2 + '(y') 2 * 25 whe" 

x' - x - 2, y» - y + i 



XIV -11 Graphs 
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-12. ' 


i. 


ellipse 


2. 


parabola 


3. 


.2 lines, 3x + y 




x - 2y 


4*. 


point (1,-3) 


5. 


hyperbola , 
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ANSWERS 

XIV- 13 

1. 45° - * 

4 

2. 26°30' 

3. * - 30° 
6 

4. 26°30« 

' XIV- 14 " 

i.. (x 1 ) 2 - (y') 2 ■ is 

2. lb(x') 2 +'2(y') 2 ■ 20 

3. 4<x') 2 + 6(y') 2 = 24 

XIV- 15 

% 1. 75 meters above ground 

2. 223.6 meters 

j 

1 

3. 1 inch 

4. \& feet x 48 feet 



) 



XIV -14 Graphs 
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Pre-Calculus 



tinit XV 



Analytic Geometry 
Matrices 



Overview 



The "primary purpose of this unit is to show the student how a system of two o 
three linear( equations in two or three variables is^ solved through 'the use of 
determinants and matrices. Applications to higher order determinants are 
accomplished with 'relatively little difficulty. Matrix algebra is, presented 
and will hopefully benefit those students who will later study -linear algebra 



Suggested Time 
10 days 
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Pre-Calculua 
Unit XV Matrices 

PERFORMANCE OBJECTIVES 
1. Given a matrix A, 



S 



a) determine its dimensions i 

b) identify specific entries of the matrix 

c) determine its transpose A T - 

d) determine its additive inverse * 

2. Determine the sum or difference of two or more matrices. 

3. Determine^ the product of a matrix by a scalar. 

A. Determine the product of matrices. 

v 

5. Evaluate the determinant of a 2 x 2 matrix. 

• * 

6. Evaluate the determinant of a 3,x 3 (or larger) matrix by one or more 
of the following methods: / 

.a) diagonals > , 

b) expansion by a row (column) and cof&ctors 

c) reduction by row (column) operations 

7. /Determine the inverse of a matrix, if it exists. 
8# Solve a system of equations using: 

a) matrices and inverses 

b) Cramer's Rule v 

> c) augmented matrices, Gaussian elimination, or the Gauss-Jordan reduction 

methods (Part c is optional . ) 
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Unit - XV Matrices 
CROSS-REFERENCES 



I 

Objectives 


Coxford 


Crosswhite 


Fuller 


Shanks ' 


Sorgenfrey 


Wooton . 


1 


482-485 
487 

542-543 






408-409 






2 

» 


485-487 






408-411 








483-485 






410-411 






\ " 

4 


489-492 
539-542 




• 


411-414 




301 


5 


465 

502-505 


• 




396-398 * 






6 

w 


f 






399-401 


7 




7 


449-604 






414-418 


* 


302 

, 


8 


504-505 
544-555 


■ 




402-407 
418-421 










r 

> 












• 


















• 












• 
















— c 




• 
















1 










* 






i 












1 

1 

1 

i 
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Pre-Calcuius 
Unit XV 



XV-1 Given a Matrix A, a) determine its dimensions 

b) identify specific entries bf the matrix 

' c) determine its transpose A r 

d) determine its additive inverse 



1. If matrix A 



-1 5 
-2 -8 



a) What are the dimensions of A? ^ 

b) What number is in the second row, third column? 

c) Determine A?# 

d) Determine its additive inverse, 

5/2 -2-4 

2. If matrix A =J-3 4 10 6* \ % a) 'That arje its dimensions? 

b) Describe the location of the number 6, 



18-17* 



c) Determine A. 

d) Determine the additive inverse 



\ 



If matrix A 



4 
-2 
1 



If matrix A 



a) What are the dimensions of A? 

b) Describe the location of the number 1. 

c) Determine A. 

d) Determine the additive inverse. 



a) What are the dimensions of A? ^ 

b) tthat number is in the firstj row, second 
column? ~ . 

c) Determine aC % 



d) Determine its additive inverse • 
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Pre-Calculus 
Unit XV 




1. If possible, determine 



•1 4T + j -3 5 0] . 
5 -8 9 -7 2J 



2. If possible, determine 



r n 






6 




8 


3 




-8 


-2 

• — 




3 



3, If possible, determine 



[1 4 -7] : 



3 

-2 





3 


-2 




3 


/3 


4 .<<* If possible, determine 


4 


1 


+ - 


-10 . 


6 




-8 


9 




1 


-7 





3 7 




-6 4 




/2 -2 
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Unit XV 




1. Determine the product: 



>-2 



6 
0 
hi 



^3 
-4 
-6 



2. Determine the product: 



5 
-1 

2 
-9 



3, — Jf-^«4V 4- 9 

[-2 r -l 



and B = | -6 
3 



("-6 1 6] , 
I 3 11 5j 



determine 2A - B. 



4. If - I -6 

6 



4 
-3 



, B * 



1 

■5 



and C = 0 
-11 



i , dett 



determine A + 3B - 2C« 



30 x 
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Pre-Calculus 
Unit XV 



XV-4 Determine the product of matrices. 



1. Multiply, if possible: 



-1 

3 
-1 



2. Multiply/ if possible j 



3. Multiply, if possible J 



3 -2 


$ 


2 5-1 


1 4 




7 -2 1- 



4 

2 h2 



1 3 
-1 8 



■;1 
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Unit XV 



XV-5 Evaluate the determinant of a 2 x 2 matrix. 



1. "'Evaluate: 



-3 -8 
4 5 



2. Determine the determinant of 



ax 
a 



bx 
b 



3. If A 3 



4 

X + 31 



, what is the determinant of A? 



4. If A - 



:]•• 



x - 4l , what is the determinant of hi 
10 
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XV-6 Evaluate the determinant of a 3 x 3 (or 'larger) matrix by one or more 
of the following methods: 

a) diagonals 

b) expansion by a row (column) and 
co factors 

c) reduction by row (column) operations 



1. Evaluate the determinant, using the diagonal method: 



3 

-2 
1 



-1 
8 
6 



2. Use the cof actors of the second column to evaluate the determinant: 



2 
-3 
-4 



4 

1 
-2 



-1 
5 
3 



3. Use row (or column) operations to reduce the matrix, 
determinant. 



Then evaluate the 



4 
1 
5 



-1 
2 
-4 



2 
-3 
9 



\ 



4. Evaluate the determinant: 



-1 
2 
-4 

3 



4 

-2 
8 

5 



3 
6 
1 
7 



-5 
-7 
-8 
-6 




.Pre-Calculus 



Unit XV 



XV-7 Determine the inverse of a matrix , if it exists. 



\ > 
1. Determine the inverse, if it exists 



i 



6 -3 
4 -2 



2. Determine the inverse, if it exists 



8 
-2 



-12 

3 



I 

3. Determine the inverse , if it exists 



» 

-2 


-1 -1 


1 


-2 3 


-1 


-3 - 7 



r 



4.' Determine the inverse, ifr it exists 



4 
-2 

-r 



0 
3 

5 J 
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PreTCalculus ^ 
Unit XV 



XV-8 Solve a system of equations by using one of the following methods: 

a) *raa trices and inverses 1 \ 

b) Cramer's Rule 

c) augmented matrices, Gaussian elimination, or the Gauss- 
Jordan reduction methods (Part c is optional,^ 



1. Use Cramer f s Rule to solve the following system of^equations : 

x + 2y = 8 ' 
y 2x + y + 2 = 11 
• x' + y + 2z = 13 

2. Use matrices and inyerses to solve th& following system of equations: 

* * « 

; * . 3x + y - -1 '• 

x + 2y = 8 . 

3. Use matrices or determinants to solve the following system: 

3x + 5y - 2z « 9 • 
x - 2y + z = -2 4 
-2x + y - 3z « 7 

4. Use matrices or determinants to solve the following system: 

2x + y + 2+ w = 7 

4x - t 2z + 2w = 4 j 

x - y + 2z - 3w « -16 

3y - 42 f » -5 
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Unit XV 
ANSWERS 



XV- 1 

1. a) 2x3 

t b) -8 • 

2 6* 

c) | -1 -2 

5 -8 



d) f-2 1* r 5"l 
L-6 2 8 J 



3. a) 3x4 



b) second row, fourth colmai or 



- A 2,4 



c) 



d) 



5 
/2 
-2 
-4 



-5 
3 
-1 



-3 1 
4 8 
10 - 



Si 



3. a) 3x1 



-/? * 2 4 
-4 -10* ~ 6 
-8 1 -7tt 



r 



b) third row, first column or- 
A 3,l 

c) £4 - -2' 



0 



d) 



-4 
2 
-1 



XV-2 



l.F-1 4 4] 
[9 -2 -6j 



2. 



-2 
11 
-5 



3. cannot be added 



4. 



3 
0 

-7-V2 



•9 + /3 

3 



XV-3 



1. 



-12 -6 
0 8 



12 



2'. 



5 
3 
-1 
6 

■ L-3 J 




. P-2 r 7 18 
1-7 -9 -7 

■[ 



-3 -8 

13 2 



•7" 

r 



\ 1 



A. a) 2x2 
f 

b) -3 
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c) [4 -2] 

[-3 4 

d) f-4 31 

L 2 - 9 J 
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Pre-Calculus 

- *. 

Unit XV 
ANSWERS 

1. [-28] 



1 



3. 



4. 



-8 
30 

-4 
-6 
20 



19 
-3 

120 
4 



3 



36 
38 

-6- -126 



-28 
6 

5. |3x 2 + xy + 4y 2 ] 
XV-5 

I 

1. 17 

2. 0 
2 

3. x + 3k - 4* 

4. 8x + 8 



♦ * 

XV-6 

1. -72 - 4 - 72 + .6 = -142 



2. -4 



2 



-1 
5 



• -44 + 2 + 14 - -28 



3. There .are many ways to solve the 
problem. Here is one solution; 

j() Multiply second coli^nn by 2 
and add to third column. 
♦ 2) Multiply $eopnd row* by -1 
an4*add to ttiird r6w. 



The new matrix is 



4 -1 
1. 2 
4 -6 



> 1 V L 

7 The determinant is #1 



4. -731 



XV-7" 



4 
4 



1. 

2. 
3. 



^1 

24 



-2 
4 



3 
6 



no inver^. 



_1 

25 



i-5 10 
-10 -15 
-5 -5 



-5 
5 
5 



•1 
5 

■2 
5 

■k 
5 



2* 

5 

5 

-1_ 

5 



0- 
1 

0 



-1 |«F 20 , 



\ 



4. 



1 

5 



-7 
3 
2 



•20 

5 
5 



12 
-3 
-22 
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Pre-Calculus 



Unit XV 






ANSWERS 






XV-8 






• 


1. 


8 


- 

2 


0 




U 


X 


1 


A ^ 1 




1 


2 


1 


• 1 


2 


0 


1 


I 


1 


1 






. 1 

V 


2 




1 


8 


0 




2 


11 


1 


y = 1 


1 


13, 


2 


• 




-5 








z = 4 





-10 
-5 



2 

) ■ 



-15 = 3 
-5 



[l S» fsj 

[;]• ![-: I: 



; ■ 



-2 

5 



7 



\ 



3. x - 1,, y m Q„ z ■ -3 

4. x ■ -1, y = 1, z = 2, w = 6 
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Pre-Calqjolus - Analytic Geom^ry 

Unit XVI Polar Coordinates 

* f 

Ovetview 

The student is familiar with polar coordinates from the previous work with 
DeMoivre's Theorem. However, the rest of the material is new to the student. 
The unit begins with plotting points and then goes on to graphing equations 
(by substitution of 0 values and then by considering aides such as symmetry, 
intercept^ etc. ) and to solving systems of polar equations. 

Suggestions tp the Teacher 

The instruction and development of polar coordinates is similar to the 
4 U development of rectangular coordinates. It might be helpful to ask the 
Students to recall the development of rectangular coordinates as well as 
the graphing and solving of rectangular equations. When solving the system 
of polar -equations, the student should be "aware of the difference between 
analytical -solutions and geometric solutions. Analytic Geometry , 5th Edition, 
by Gordon Fuller h£s a very comprehensive treatment of polar coordinates. 
Algebra, Trigonometry, and Analytic Geometry , by Rees and Sparks has a good 
section on transforming from rectangular to polar coordinates and vice versa. 
Objective 8 may be optional depending on teacher preference and textbook used. 

Suggested Time 
7 days 
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Pre-Calculus 

Unit XVI Polar Coordinates 

r 

PERFORMANCE OBJECTIVES 

1. Plot points when given the polar coordinates of the point (r,8) . 

2. Represent a given point (r,8) in at least three equivalent forms wher^, 
-2* < 9 < 2* . * 

3. Using several aids in graphing such as symmetry, intercepts, extent of r, 
etc., sketch the graph given the equation written in polar form. 

4 r Determine the rectangular equation when given the po^.ar equation. 

5. Determine the polar equation when given the rectangular equation. 

6. Sketch the graphs of conic sections when given the equation in polar form. 

* * 

7. Sketch the graphs of two equations written in polar form, and determine the 
coordinates of the point-(s) of intersection. 

8. Determine the equation of the conic when given specific information. (optional) 



XVI-2 
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Unit XVI - Polar Coordinates 
CROSS-REFERENCES 




Objectives 


' Coxford 


Crosswhite . 


Fuller 


Shanks 


Sorgenfrey 


Wooton 


1 


r 1 

196-199 


363-366 


158-162 


482-484 




243-244 


2 • 


196-199 


• 363-366 


158-162 


,482-484 




243-244 


. 3 ' 


. 200-2Q4 


366-387 


166-178 


484-489 

0 


- 


251-256 




198-199 


366-370 


163-166 


490-492 




249-250 


. 5 


198-199 


. 366-370 


163-166 


490-492 




249-250 . 


6 


204 


370 


182-187 


494-496 


• 


259-262 j 

1 


7 


204 


381-383 


190-195 


493-494 


\ 

1~ 


i 
I 

257-258 j 


8 ' 




387-390 


- \ — 


494-495 




262 








• 


• 








* 










t 






-U 






w 
















\ 
i 


r 


1 










1 

1 

t 




r 










' . i 














i 
i 

i 


i 

» 

i 










f 


i 

i 

i 
• 
• 

i 



ERIC 



XVI-3 



312 



Pre-Calculus 
Onit , 



XVI-1 Plot points when given the polar coordinates of the point (r,8) 



1. Plot the following points: 



a) 
b) 
c) 
d) 
e) 



(3,30°) 

(4,120°) 

(-6,20°) 

(-5,-140*) 

(2,270°) 



2. Plot the following points: 

a) (5,150°) 

b) (-3,*) 

2 \ 

c) (4,-120°) 

d) (-2,-200°) 

e) (3,-300°) 



XVI-2 Represent a given point (r, 9) in at least three equivalent 
forms where -2w < 9 < 2tt. 



' — 

Represent each of the following points in three equivalent forms where 
-2w < 9 < 2*. 



1. 

2. 
3. 
4. 
5. 
6. 



(3,20°) - 



(-4,155°) - 
(5,200°) 
(2,-300°)»_ 
(-6,-75°) - 



(7,-7j) » 
6 
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: Pre-Calculus 
Unit XVI 



XVI-3 Using several aids in graphing such as symmetry, 
intercepts, extent of r, etc., sketch the graph 
given the equation written in polar form. 



Sketch each of the followiftg curves: 

1. r « 2 - 4 sin 9 

2. r ■ - 6 cos 9 

3. r * 5 sin 30 

4. r 2 « 25 cos 29 

5. r » 3 esc 9 

6. r « - 4 + 2 cos 9 




Transform each equation from polar form into its rectangular form, 



\ 



1, 
2, 
3« 
4. 
5. 

6. 
7. 



r «« 10 cos 9 

r 2 cos 29 « 25 

r » 4 tan 9 •sec 9 

r » 2 /2 sin (9 + 45*) 

r » 8 



5+3 cos 9 
r ■ tan 2 9* sec 9 
r » 2/- 3 cos 9 



8, r * 4 sin 2 1^ 9 
2 
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Pre-Calculus 
Unit XVI 



XVI -7 Sketch the graphs of two equations written in polar forp y 

and determine the coordinates of the point (s) of intersection. 



Sketch the graphs of the following equations and determine the point (s) of • 
intersection. • 



1. 



2. 



3. 



2 sec 6 
2 /J esc e 



» 4 sin 9* 
3 esc 6 



sin 6 
sin 29 



4. 



-2 



»r * 



i + cos e 

- 6 

i + cos e 



5. r r « 



2- cos e 



r » 4 cos e 



6. [ r « sin 30 
r « 1 \ 



3J5 ' - J 
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Unit XVI * 



XVI -5 Determine the polar equation when givffen the rectangular 
equation . 



Transform. the following equations into polar coordinates: 

1. 2x - 7y - 5 - 0 

2. x 2 « 4 py 



"3. x 2 + y 3 



« a* x 



4r (x 2 + y 2 ) (x - a) 2 » x 2 b 2 . 



5. y « x 

a*rx 

6. (x 2 + y 2 - a x) 2 - b 2 (x 2 + y 2 ) 

7. y 2 - x 2 (3a - x) 

. a + x 

8. (x - 5) 2 - yL 9 1 

16 9 



"XVI-6 Sketch the graphs of CjOnic sections when given the 
equation in polar. form. 



Sketch each of the following conies: 



ERIC 



1. 


r 


m 




4 








1 


- cos e 


2. 


r 


at 




4 








1. 


+ 2 cos e 


3. 


r 


m 




10 








r 


+ 2 sin 9 




r 


m 




8 








4 


- sin 9 
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Unit XVI 



XVI-8 Determine the equation of the conic when given specific 
information (optional) • 



Find the equation of the conies satisfying the following conditions, 
a focus is at the pole* 

1# Parabola with directrix r =* - 2 sec -6 

2. Ellipse, eccentricity 3, other focus at (6,0 # ) 

5 

3. Hyperbola, eccentricity 5, center at (5,0 # ) 

4 

4* /£arabo\a. with vertex at (2,270°) 
5./Bllipsy with ends of mino* axis at (8,60 # ) and(8,120 # ) 



In^all cases ; 
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ANSWERS 



XV1-1 




^>-/V# # ) 2. 




XVI-2 

1. (3,20*) » ( 3, - 340*) « ( -3, 200* ) - ( -3,-160* ) 

2. (-4, 155°) - ( 4, - 25*) » ( 4, 335*) = ( -4, - 205*) 

3. (5, 200*) » ( 5, - 160*) « ( -5, 20*) - ( -5, -340*) 

4. ( 2, - 300*) - ( 2, 60*) => ( -2, - 120*) « ( -2, 240*) ' 

5. (. -6, - 75*) - ( 6, 105*) - ( 6, - 255*) - ( -6, 285*) 

6. (7, -7* ) - (7, 5jr) - (--7, - *.) - ( -7, llir) 

6 6 - 6 6 



0 
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Pre -Calculus 



UNIT XVI 

ANSWERS . 

^ 

XVI-3 (continued) 

/ 

5. 






1. X 2 + y 2 - 10x m 0 

2. ' x 2 - y 2 » 25 

3. x 2 = 4y 

4. X 2 + y 2 - 2x - 2y = 0 

5. 16 x 2 + 25 y 2 + 48 x - 64 » 0 

6. y 2 - x3 

7. . (x 2 + y 2 + 3x) 2 - 4 (x 2 + y 2 ) 

8. {x 2 + y 2 + 2x) 2 - 4 (x 2 + y 2 ) 



XVI -5 



1. r 



2 cos 8.-7 sin 9 

2. r « 4 p sec 9 tan 9 

3. r ■ a 2 cos 9 

4. r » a sec 9+ b 

5. r » a sin 9 tan 9 

6. r * a cos 9+ b 

7 . r ■ a (4 cose- s^c 9) 



8. r - 



5 cos 9+4 
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Unit XVI , „' 

ANSWERS 



XVI -7 




XVI-8 

1. r » 2 



l - cos e 

2. r » 16 * 

5s^ 3 cos 9 

3. r « 9 

T 4 + 5 cos 9 . 

4. r « 4 

1 - sin 9 

5. r- 4 N 

2-/3 sin .9 

3^3 « , 

XVI-14 

O . - " ■ • 
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Pre-Calculus - Analytic Geometry * 
Unit XVII Parametric Representation of Curves 

Overview t 

Parametric equations for lines were studied earlier in the semester. This 
section continues with this study and relates the use of parametric equations 
to curves in the plane and in space. Practical applications are also used to 
enhance the subject. 

Suggestions to the Teacher 

The objectives in this? unit may be incorporated in Unit X or in any other unit 
as appropriate as an alternative to presentation as a separate unit. 

Depending on the students in the class, the teacher may wish to eliminate the 
parameter from a set of equations (Objective 2) before graphing them. The 
idea in Objective 3 should be emphasized. Problems on the path of .a projectile 
are included in this unit; other applications of parametric equations, such- as 
cycloids and involutes of circles, are left to the teacher's discretion. 
Objective 6 is optional, with the answers to these curves found in most textbooks 
that cover the topic on parameters. Since most of the textbooks do not present 
drawing a curve in space using parametric equations, the last objective is aiso 
considered optional. 

Suggested Time 

5 days 
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fre-Calculus \ 

Unix XVII Parametric Representation of Curves - 

PERFORMANCE OBJECTIVES ' 

!• Sketqh the graph represented by a set of parametric equations, 

2. Eliminate the parameter from a set of parametric equations to obtain an 
equivalent rectangular equation. 

3. Determine whether eliminating a parameter produces a graph that is equiva- 
lent to the graph for the parametric equations. If it is not equivalent, 
describe the portion of the graph covered by the parametric equations. 

4. Determine the parametric representations for a rectangular equation of a 
curve . 

Ive verbal problems involving the path of a projectile. 

etch the graphs of special curves (cycloids, Witch of Agnesi, folium of 
scartes, cissoid of Piocles, etc.), (optional) 

7. Sketch the graph of a curve in spaqe, given its parametric equations, 
(optional) 
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Unit - XVII - Parametric Representation of Curves 
CROSS-REFERENCES 



Objectives 


Coxford 


Crosswhite 


Fuller 


Shanks 


Sorgenfrey 


Wooton 


1 






200-203 


508-511 




231-235 


2 ■ 






196-203 


512-513 




232-235- 


3 






200-204 


512-513 




232-235 


4 






204 


514-517 




233-235 


5 






204-206 


518-520 






6 


r ■ 




206-209 


518-520 






7 


647-650<^_ 






324-326 




- r 
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• 
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Pr^-Calculus 
Unit XVII 



XVII-1 Sketch the graph represented by a set of parametric equations. 



1. Sketch the graph of x * cos t, y ^ 2 sin t. 



2. Sketch the graph of x- 2 + t, y » - 6 + St. 



3. Sketch the graph of x » t 2 + 1, y * t, t >^ 0, 



4. Sketch the graph of x « 1 ' » y « t + 1, t <0, 

t + 2 l 



'5. Sketch the graph of x * 2 cos t + 3 sin t, 

y » 2 sin t - 3 cos t. 



r 
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e-Calculus 
Unit XVII 1 



XVII-2 Eliminate the parameter from a set of parametric? .equations 
to obtain an equivalent rectangular equation. . 



1. Eliminate the parameter from the equations 

x » 3 + 2t and y » 2 - t. 

2. Eliminate the parameter from the equations 

x « 2 sin t and y * 5 cos t. 

3. Eliminate the parameter from the equations 

x « sin 2 . 8 - 1 and y * cds 8 -.1. 

4. Eliminate the parameter from the equatioris 

» 

x ■ cos 2 9 and y 33 cos 8. 

5. Eliminate the parameter from the equations 

x ■ t 2 - 2t - 1 and y ■ t 2 - t + 2. 
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Unit XVII 



XVII-3 Determine whether eliminating a parameter' produces a graph- 
that is equivalent to the graph for the parametric equations « 
If it is not equivalent, "describe the' portion of the graph* 
covered by the parametric equations. 



1. Determine whether eliminating the parameter from x » cos t and y 83 sin 2 t 
produces a graph that is equivalent to the graph of the parametric equations 
If not, describe the portion of the graph given by the parametric equations., 

2. Determine whether eliminating the parameter from x = t 2 and y ■ t produces 

a graph that is equivalent to the graph of the parametric equations. If not 
describe the portion of the graph given by the parametric equations . 

3. Determine whether eliminating the parameter from x * 3 - 2t 2 and y ■ t 2 + 4 
produces a graph that is equivalent to the graph of the parametric equations 
If not, describe the portion of the -graph given by the parametric equations. 

4. Determine whether eliminating the parameter from x «• 2 + cos 6 and 

y ■ • 2 cos 8 produces a graph that is equivalent to the graph of ,t^e 
parametric equations. If not, describe the portion of the graph given by* 
the parametric equations. ^ 
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Unit XVII 



7 

XVII-4 Determine the parametric representations for a rectangular 
equation of a curve . 



1. Determine the parametric representations for the equation 

(x + l) 2 + 16 (y - 2) 2 » 16. Use the substitution x - - JL +'4 sin 9. 

2. ^ Determine the N pareuaetric representations for the equation 5x - 3y 9 13, 

Use the substitution y ■ 5t - 1. 

* ** 5 2 

3. Determine the parametric representations for the equation 4x 2 + 9y * 36, 

> 

-^4. Determine the parametric representations for the equation x y * y - x. 



5. Determine the parametric representations' for 



r 




with t e tO, 2] 
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Pre-Calculus _ 



Unit XVII 



XVII-5 Solve verbal problems involving -the path of a projectile. 1 



According to a law in physics, a projectile fired at an angle 8 moves along a 
path given by the equations x • v # t cos 8 and y « v # t sin 8' - 16 t 2 , where 
v# m initial velocity in feet per second, t is time in seconds, and the only 
force acting upojJfche projectile is gravity. 

A. If. v # »^Sfefeet per second and 9 ■ 30* , what are the coordinates (x,y) 
of the projectile for t - 2? 

If v# « 200 feet per second and cos 8 « £ , at what tome t will the 
projectile hit the ground? - 5 ^ 

3^ If v # »,20p feet per second and cos 6 = £ , where does the projectile 
hit the ground? 5 

4. What is the maximum height of the projectile given in part c? 
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XVII-6 Sketch the graphs of special curves (cycloids, Witch of Agnesi, 
folium of Descartes, cissoid of Diocles, setc.h (optional) 



1. Sketch the fdlium of Descartes, given by th* par alae trie equations 



x « _3t*_ 
1 + t3 

y »' 3t- 
1+ ti 



t 



2 . Sketch the Witch of Agnesi , given by the parametric equations 

x » 4 cot- 9 
y ■ 4 sin 2 8. 



3. Sketch the curtate 'cycloid, given by the parametric equations 

x - 99 - 4 sin 8 ' ~* 
y * 9 4 cos 8. 

4. Sketch the cissoid of Diocles, given by the parametric equatipns 

x » 2 sin 2 8 

y » 2 sin 2 8 # tan 8. 
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Unit XVII 



XVII-7 Sketch the graph of a curve in space , given its parametric 
equations • (optional) 



1* Sketch the graph of the curve given by 

x * 2 sin $ cos 6 
y • 2 sin $ sin 6 
z » 2 cos 



cur^c 



2, Sketch the graph of the curye given by 

V 

x m 4 - 2s - t 

y ■ s 

z ■« t. 



3* Sketch the graph of the curve- given by 
x • s 

y « /8 - 2 : s^ - 4 t2 

Z » t, t > 0, 



I, Sketch the graph of the curve given by 

J 



x » /v cos 6 
y « /v sin 8 
2 « v, v > 0 



s 
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ANSWERS 



XVII-1 



See graphs. 



xvti-2 , 

1. x + 2y - 7 

2. xf_ + v£« 1 

4, 25 . 

3. (y + l) 2 - - x 

4. 1 (x + 1) » y 2 
2 

5. x 2 <* 2xy + y 2 + 7x - 8y + 14 - 0 



XVII-5 

1. (200 /f, 136) 

2. 7% seconds 

3. 1200 feet away 

4. 225 feet 



XVII-6 

See graphs given in textbooks. 
XVII-7 , 



J 



See graphs. y 



XVTI-3 

1. the" portion of the parabola x2 + y * 1 where y > 0 . < 

2. the graphs are equivalent. , „ 

3. the portion of the line x + 2y - 11, beginning at the point (3,4) , extending 

' upward to the left 

4. a line segment of x + y - 0, where, the end points of the segment are (3,-3) 
and (1,-1) 

' - % 1 
XVI I -4 



Other answers may. be acceptable 
1. 



X " 


-1 + 4 sine 


y - 


2 + COS 0 


X ■ 


2 + 3t 


y - 


-1 + 5$ 


X « 


3 cos $ 


y - 


2 sin e 


X " 


t 


y - 


-t 




, t 2 - 1 



i. 0 t < 2-Y 

?J 

2 < t < 4 1 

3 3) 



x » 1. 
y « 3t 

x - 3t - 1 
y » -3t + 4 

x - 3 
y -3t - 4 
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Answers (Continued) 
XVII-7 



1. 
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Sphere « 

, Center: .(Oj.-Of)- 
Radius: 2 
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Plane 



3. 
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(Upper half) 
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Pre-Caleulus 0 - Analytic Geometry 

* * * » 

Quit XVIII Surfaces 

Overview * 

The topics studied in the unit are extensions of some ideas already presented 
in Pre-Calculus. Equations and graphs of spheres, quadric surfaces, and 
surfaces of revolution are outgrowths of the study on circles and conic sections. 
Two new coordinated systems, spherical and cylindrical, are presented at this 
time. ' , 

„ Suggestions to the Teacher • . * ~ 

Objectives 1, 2, and ,3 contain basic problems on spheres and cylinders. These 
objectives, as well as those concerned with spherical and cylindrical coordinates, 
could be discussed with some degree of ease and speed. Other areas of discussion 
and graphing methods may cause some difficulty for students . Mo^e time on quadric 
surfaces and surfaces of revolution will probably be needed. Any or all of the 
items given in Objectives 4 and 5 may be covered and/or tested. The presentation 
of the material in this unit is fairly good in the Analytic Geometry by Fuller^ and 
Analytic Geometry by Protter, with an excellent discussion given 'in Modern Analytic 

Geometry by Woo ton. k 

*** 

Objectives 6-9 are optional. 
Suggested Time 

v - 

8' days 
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Pre-Calculus 

Unit XVIII Surfaces > 

PERFORMANCE OBJECTIVES 

1. Determine the equation of a sphere, using the information given, 

2. Given an equation of a sphere, determine its center and radius. 
Sketch its graph. 

3. Sketch the portion of the cylinder described. 

4. Given the equation of a quadric surface, 



a) 


- identify the surface • 




b) 


discuss any symmetry 




c) 


describe the traces on the coordinate planes 


a) 


determine the intercepts on 


the coordinate axes 


e) 


sketch the graph 




Given a 


surface of revolution, 




a) 


determine the traces on, the 


coordinate planes 


b) 


identify the axis (axes) of 


revolution 


O 


sketch the graph 





Optional ; » 

6. Determine the cylindrical coordinates of a point with rectangular coordinates, 
and vice versa. 

7. Given a rectangular equation, determine the equation in cylindrical coordinates, 
and vice versa. 

8. Determine the spherical coordinates of a point with rectangular coordinates, 
and vice versa. 

> 

9. Given a rectangular equation, determine, the equation in spherical coordinates 
and vice versa. 
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Unit XVIII * Surfaced, 
CROSS -REEI^NCES 



Objectives 


Coxford 


Crosswhite 


Fuller 


Shanks 


Sorgenfrey 


Wooton 


• 1 


i 

628, 631 


—* 

266-268 


- 


433-435 




345-350 


2 


628, 631 


266-268 


251 


433-435 




345-350 


3 


629-631 


291 




430-433 


• 


350-352 
355 


4 


635-642 


290-291 


239-252 


467-470 ' 


- 


355-365 
— — i 


5, 


632-635 




236-239 






352-355 


6 


642-647 






496-498 


- 


i 

370-374 


7 


642-647 




• 


496-498 




370-374 


8 


542-647 






498-500- 




370-374 


9 


542-647 




■ 


498-500 




370-374 


• 
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Pre-Calculus 
Unit XVIII 



XVIII-1 Determine the equation of a sphere, us|ng the information given. 



1. The center of a sphere is (3,-1, -2). If the radius is 4, determine the' 
equation of the sphere. ' 



2. * Determine the eouation of a sphere if its center is (4, -6, 0) and the 
radius is /3~~. 



3. Determine the equation of a sphere if its center is (-2, 3, -5) and the 
sphere contains the point (-5, -4, -1). 



4. Determine the equation of a sphere if it passes throuqh the points (2, 1/ -1) 
(5, -6, 1), (3, 3, 2), and (-4, -7, 11). 
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Unit XVIII 



XVIII-2 Given an equation of~a sphere, determine its center and radius. 
Sketch its graph. 



1. . Determine the center and radius of the sphere 

(x + I) 2 + (y - I) 2 + (z + 2) 2 = 4. 
Sketch its graph. 



2. Determine the center and radius of the sphere x 2 + y 2 + z 2 « 12, 
Sketch its gr^ph, 



3. Determine the center. and radius of the sphere 

x 2 + y 2 + z 2 - 2x - 2z * 34. 
Sketch its graph. 



4. Determine the center and radius of the sphere 

2x 2 + 2y2 + 2z 2 - 8y + 12z + 3_ * 0, 
Sketch its graph. 2 
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Pre-Calculus 
Unit XVIII 



XVIII-3 Sketch th£ portion of the cylinder described* 



X. Sketch the cylinder: jxf • 8(y + 1) and ^2 < z < 2. 



2. Sketch the cylinder: x 2 + y 2 - 4x + 2y + 1 ■ 0 arid 

0 <z ±3. 



3*/ Sketch the cylinder: y 2 + 4z 2 = 16 ' and 

-11x12/ 1 t 

4. Sketch the cylinder": x 2 + z 2 - 4x - 4z + 4 ■ 0 if a generator of the cylinde 
is the line y * x - 2 and 0 i y < 4, 



<3 
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Unit XVIII 



XVIII-4 Given, the equation of a quadric surface , a) identify the surface 

^ % b) discuss any symmetry 

_ c> describe the traces on 

• ' the coordinate planes, 

d) determine the inter- 

^ v cepts on the coordi- 
nate axes 

, e) sketch the grkplv 



he gAp 

V7 



For each of the following equations , 

* a) identify the quadric surface 

b) discuss any symmetry ^ 

c) describe the traces on the coordinate planes 

d) determine the intercepts on th^ coordinate axes 

e) sketch the graph 



1. 4z * 2x 2 + y 2 

2. 9x 2 - 8y 2 + 4z 2 ■ 72 

3. 64x 2 + y 2 + IBz 2 * 64 

4. . x 2 .+ y 2 + z 2 - 2x = 0 



^1 ' 



4 % 
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Onit XVIII 



XVIII-5 Given a surface of revolution , 


a) 


determine the traces on the 






coordinate planes 




b) 


identify the axis (axes) of, 






revolution 




c) 


sketch the graph 



For each surface Of revolution, 

a) determine the traces on the coordinate planes 

b) identify the axis (axes) of revolution 

c) sketdh the graph 



<1. 4x 2 + 4y 2 - z 2 =16 

2, 2x 2 + y 2 + 2z 2 - 4y = 0 

3, 4(x 2 + y 2 ) + z 2 « 16 

4, x 2 + '4y 2 - zf « 0 



XVIII-6 Determine trie cylindrical coordinates of a point with rectangular 
coordinates, and vice versa . ^ 



- 1. Determine the cylindrical coordinates of ^the point with rectangular 
coordinates (-8, 0, 6) . 



♦ . 2. Determine the cylindrical coordinates of the point with rectangular 
coordinates (-5, 5/T" , -1). 

.22 . 



3. Determine the rectangular coordinates of the point with cylindrical 
coordinates (3, n , 2) . • , 

« 6 * 

J 

4 . determine the rectangular coordinates of the point with cylindrical 
coordinates (2, Hit / -2). 

- 6 
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XVIII-7 Given a rectangular, equation, determine the equation in cylindrical 
coordinates, and vice versa. 



2 2 

1. Using cylindrical coordinates, determine the equation for x + y 85 64. 



2. Using cylindrical coordinates, determine the equation for x 2 + y 2 - 8y = 0 



3. The equation r 2 cos 29 = 6 is, in cylindrical coordinates. Determine the 
equation in rectangular coordinates. 



n c 



4. The equation r + z = 2 is in cylindrical coordinates. Determine the equation^ 
in rectangular coordinates. 



XVIII-8 Determine the spherical coordinates of a point with rectangular 
coordinates and vice versa. 



1. Determine, the spherical .coordinates of the point whose rectangular 
coordinates are (1, 1, 1,}. 



2. Determine the spherical coordinates of the point whose rectangular 
coordinates are (1, -ST, 2). 



3. Determine the rectangular coordinates of the point whose spherical 
coordinates are *(2, n_ , ff_ ) . 

'34. 



Determine the rectangular coordinates of the point whose spherical 
coordinates are <10, 2ir_ , if ) . 

3 ? 



9 

ERIC 



XVIII-9 



345 
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Unit XVIII 



XVIII-9 Given 'a rectangular equation, determine the equation in spherical 
coordinates, and vice versa. 



1. An equation in rectangular coordinates is x 2 + y 2 + z 2 « 4, What is Jthe 
equation in spherical coordinates? 



2. An equation in rectangular coordinates is z =* 9. 
What is the- equation in spherical coordinates? 



-1 



3. An equation in spherical coordinates is/^- 1 + cos $ 
What is the equation in rectangular coordinates? 



4. An equation in spherical coordinates; is <fr » 

- ' • * * — 3 

What is the equation in rectangular coordinates? 



- A 
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ANSWERS 
XVIII-1 

1. (x-3) 2 + (y-1) 2 + (z + 2) 2 - 16 

2, (X - 4) 2 + (y + 6) 2 + * 2 » 3 

' 3. (x + 2) 2 + Jy - 3) 2 + (z + 5) 2 « 74 

4., (x + l) 2 + (y + 3) 2 + (z - 5) 2 - 61 * 

XVIII-3 ' - • ' ; . 

See graphs. * ' \ . *V- *' . 

XVIII-3 * ' 

See graphs. 
XVIH-4 , 

1 # . a) elliptic paraboloid 

b) symmetric £o yz - and xz - planes 

^ „--t 2 » z; £ 2 * 2 
4 2 4 

' point parabola parabola 

d) All three intercepts are 0. 

6) See graphs. 

2. a)' elliptic hyperboloid of one sheet 

b) symmetric to xy, xz, and yz -planes 

hyperbola . 



3; a) ellipsoid 



b) symmetric to xy- xz- and yz 
planes 

c) x 2 l r 
1 64 . 

x 2 + z 2 «* 1 V.A11 arereTHjpses 

1. '*4 f\. 

' + z 2 - 1 



c) x 2 .+ y. 2 
2 4 



4. 



c) x 2 - £ 2 =* 1 

8 9 

x 2 + _z 2 - 1 

8 18 



ellipse 
hyperbola 



J - Z 2 -1 

18 9 • „ , • - '• " ** 
d) intercepts at (+ 2/2, 0,0) 

(0, 0/ ♦ 3/2)V" No y- intercepts 



9 
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.64 4 • 



d) intercepts at (+1, 0, 0). 
(0, +8,0) (0, 0,.+4) 

e) See graphs „ ^ 



a) sphere, radius 1, center 
(1/. 0, 0) 

b) symmetric *to xz- and xy- 
planes 

c) (x - U 2 +'y 2 ** 1 circle, 
center (1, 0, OK radius 1 



(x - 1) 2 + z 2 « 1 
circle, center (1, 0, 0) 
"radius 1 

y 2 + z 2 « 1 

Circle, center (0, 0, .0) 
\ radius 1 

d) intercepts at i0, 0, 0), ' 
(2, 0, 6) ) (1, +1/ 0) } and 

(1, 0, +D 

e) See graphs. 
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Radius (2) 
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Radius (2/J) 
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ANSWERS 



XVIH-5 



1. a) xf. + y_ « 1 circle 
4 4 



J 



hyperbola 



4y 2 - = 36 
4x 2 - z 2 = 36J 

b) z - axis 

c) See graphs. 



2. a) 2x 2 + y 2 - 4y = 0 ellipse 

2 



3. 
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y 2 - 4y + 2z =0 ellipse 
2x 2 + 2z 2 ■ 0 point 

b) y -axis 

c) See graphs. 



a) 4x 2 + 4y 2 = 16 circle 

9 2 \ 

4x + z = 16 ) ellipse 



4y 2 + z 2 



16 



b) z -axis 

c ) See graphs. 

4. a) x 2 + 4y 2 - 0 point 
X 2 ~ z 2 - 0 
4y 2 - z 2 « 0 

b) z -axis 

c) See graphs. 




XVIII-6 

1. - (8, *, 6) _ 

2. (5, 2* , -1) 

3 

3. ( 3/T" ,3,2) 

2 2 

4. (/T", -1, -2) 
XVIII-7 

1. r « 8 

2. r » 8 sin6 

3. x 2 - y 2 - 6 



4.- x 2 + y 2 - z 2 + 4z *4 



XVIII-8 

1. ( /r, ir , arccos — ) 

4 AT 

2. (2/2~~ , 2jr , £ ) 

3 4 

2 2 

4. (-5 , + 5/T~ , 5/T~ ) 
2 2 

XVIII-9 

1. 2 -4 

2. cos ♦ » 9 

3. x 2 + y 2 m 2z + 1 

4. x 2 + y 2 - 3z 2 *■ 0 
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